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Abstract
Motivated by models for neutrino masses and lepton mixing, we consider the
renormalization of the lepton sector of a general multi-Higgs-doublet Standard
Model with an arbitrary number of right-handed neutrino singlets. We propose
to make the theory finite by MS renormalization of the parameters of the unbroken
theory. However, using a general Rξ gauge, in the explicit one-loop computations of
one-point and two-point functions it becomes clear that—in addition—a renormal-
ization of the vacuum expectation values (VEVs) is necessary. Moreover, in order
to ensure vanishing one-point functions of the physical scalar mass eigenfields, finite
shifts of the tree-level VEVs, induced by the finite parts of the tadpole diagrams,
are required. As a consequence of our renormalization scheme, physical masses are
functions of the renormalized parameters and VEVs and thus derived quantities.
Applying our scheme to one-loop corrections of lepton masses, we perform a thor-
ough discussion of finiteness and ξ-independence. In the latter context, the tadpole
contributions figure prominently.
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1 Introduction
In this paper we propose a renormalization scheme for the multi-Higgs-doublet Standard
Model (mHDSM). We are motivated by models for neutrino masses and lepton mixing,
which all have an extended scalar sector. In the simplest cases, they have several Higgs
doublets and a number of right-handed neutrino gauge singlet fields and permit in this
way to incorporate the seesaw mechanism [1, 2, 3, 4, 5].
Our framework is the following. We consider the lepton sector1 of an extended Stan-
dard Model (SM), comprising nL = 3 left-handed lepton gauge doublets,
2 nR right-handed
neutrino gauge singlet fields and nH Higgs doublets. We assume
nR ≥ 1 and nH ≥ 1, (1)
but otherwise these numbers are arbitrary. We furthermore postulate that spontaneous
gauge-symmetry breaking in the mHDSM happens in the same way as in the SM, i.e.
the SM gauge group is broken down to U(1)em. We do not discuss conditions on the
scalar potential V (φ) which make this symmetry breaking possible. Though above we
have mentioned the seesaw mechanism, in the renormalization of the mHDSM we do
not assume anything about the scale of the right-handed neutrino masses; our setting
is completely general with respect to fermion mass scales, but the seesaw mechanism
is included. One-loop corrections to the seesaw mechanism have been computed earlier
in [6, 7, 8] (see also [9, 10]) and at the end of the present paper we will comment on
the relationship between our renormalization scheme here and the radiative corrections
of ref. [8].
Before we lay out the renormalization scheme, we have to discuss some of our notation.
For the precise definitions of the parameters of the Lagrangian we refer the reader to
section 2. We choose positive gauge coupling constants g and g′ of SU(2)L and U(1)Y ,
respectively, and thus the sine and cosine of the Weinberg angle, sw and cw, respectively,
are positive as well.3 In the discussion in the present paper we do not need to renormalize
g and g′. We will always use renormalized parameters of the Lagrangian; these include
the Yukawa coupling matrices ∆k and Γk (k = 1, . . . , nH), the parameters of the scalar
potential V (φ), µ2ij and λijkl, and the Majorana mass matrix MR of the right-handed
neutrino singlets. The corresponding counterterm parameters are denoted by δ∆k, δΓk,
δµ2ij, δλijkl and δMR. The vacuum expectation values vk (VEVs) are in the notation of
our paper pure tree-level quantities, in principle expressible in terms of µ2ij and λijkl by
finding the minimum of the (tree level) scalar potential V (φ), written in terms of the
renormalized parameters.
We will work in the Rξ or ’t Hooft gauge [14, 15, 16] with general parameters ξ in almost
all our computations4 and use dimensional regularization in the one-loop computations.
We will not go beyond the one-loop level.
1We do not consider quarks in our discussion though they could be included in a straightforward way.
2Actually, the value nL = 3 comes solely from the known three families of fermions, but has otherwise
no bearing on our discussion.
3Note the sign difference to [11, 12, 13] where −g occurs in the covariant derivative.
4When we write ξ we mean ξW , ξZ and ξA, which occur in the propagators of the W
±, Z and photon,
respectively.
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Physically, only the spontaneously broken mHDSM makes sense, because otherwise
all fermions and vector bosons would be massless. The renormalization scheme for the
broken theory we propose consists of MS renormalization of the parameters of the unbro-
ken theory plus a VEV renormalization with renormalization parameters δvk. That the
latter is necessary in a gauge theory quantized in an Rξ gauge with ξ 6= 0 has been proven
in [17]. Note that this δvk is a renormalization in addition to the scalar wave-function
renormalization already included in the VEVs vk. Complying with our proposed renor-
malization scheme, we use dimensional regularization in d = 4− ε dimensions. Therefore,
at one-loop order the renormalization parameters δ∆k, δΓk, δµ
2
ij, δλijkl, δMR and δvk are
all proportional to
c∞ =
2
ε
− γE + ln(4π). (2)
(Note that in the present paper we use the symbol “δ” solely for the purpose of indicating
quantities proportional to c∞.) We will show that the proposed scheme, with counterterms
induced by renormalization parameters listed here, allows to remove all divergences at the
one-loop level and that the divergences uniquely determine the counterterm parameters.
Previously, avoiding the intricacies of gauge theories, this very fact has been demon-
strated in [18] for a general Yukawa model with an arbitrary number of real scalars. (For
an early attempt with only one scalar see [19].)
In detail, we proceed as follows:
1. We determine δλijkl + δλilkj from the divergence of the neutral-scalar four-point
function of the unbroken theory.5
2. Plugging δλijkl + δλilkj into the counterterm of the scalar two-point function of the
broken phase, the remaining divergencies uniquely fix δµ2ij and δvk.
3. With the so far obtained renormalization parameters we compute the counterterm
for the scalar one-point function and, as a check, we prove its finiteness.
4. We determine δ∆k and δΓk from the divergencies of vertex corrections of the neutral-
scalar couplings to neutrinos and charged leptons, respectively. For simplicity, this
is also done in the unbroken theory.
5. Having obtained δ∆k, δΓk, δvk and the counterterm of the scalar one-point function,
all ingredients required for the counterterms of the fermion self-energies are at hand
and can be determined. We demonstrate that these make indeed the neutrino self-
energy Σν and the charged-lepton self-energy Σℓ finite.
6
6. Finally, having in mind formulas for the extraction of corrections to the tree-level
pole masses from Σν and Σℓ—see for instance [20, 21], we discuss radiative correc-
tions to the tree-level physical neutrino and charged-lepton masses. In particular,
we carefully examine the ξ-independence of these physical quantities.
5This combination is sufficient for our purposes—see section 3.1.
6This constitutes another independent cross check of our renormalization scheme.
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We emphasize that in our renormalization scheme there is no mass renormalization be-
cause both scalar and fermion masses are derived quantities and the mass counterterms
are, therefore, derived quantities as well. This is a consequence of renormalizing the pa-
rameters of the unbroken theory, which is owing to the fact that, for an arbitrary number
of Higgs doublets, the number of Yukawa coupling constants is in general much larger
than the number of fermion masses.
Since we are discussing the lepton sector of the mHDSM, we have both Dirac and
Majorana fermions in the theory. When we deem it helpful for the reader, we stress the
differences in the treatment of both types of fermions and dwell on the field-theoretical
specifics for Majorana neutrinos.
The 2nH neutral scalar mass eigenfields have by definition vanishing VEVs. These
have to be re-adjusted, order by order, by finite VEV shifts ∆vk such that the scalar
one-point functions vanish [22, 23].7 In an n-point function with n ≥ 2 one can either
take into account these VEV shifts or, equivalently, include all tadpole diagrams instead,
as shown for the SM in [22, 23]. We show this explicitly in the mHDSM at the one-loop
level for the neutrino and charged-lepton self-energies. Moreover, tadpole diagrams play
an important role with respect to ξ-independence of physical observables [24]. We present
a thorough discussion of this role in the context of radiative fermion mass corrections.
Other methods for the treatment of tadpole contributions are carried out in [25, 26, 27]
for variants of the two-Higgs doublet model.
Concerning the notation, we have already explained that the parameters of the La-
grangian are always considered as being renormalized quantities. Furthermore, −iΣν(p),
−iΣℓ(p) and −iΠ(p2) denote the two-point functions of neutrinos, charged fermions and
neutral scalars, respectively, as obtained in perturbation theory, including all countert-
erms. Thus the corresponding quantities with (−i) removed denote the renormalized
self-energies.
In order to enhance legibility of the paper we list here the definition and notation of
all masses which occur in the paper:
• The tree-level neutrino masses are mi (i = 1, 2, . . . , nL + nR).
• The tree-level charged-lepton masses are mα (α = e, µ, τ).
• The finite radiative corrections to tree-level fermion masses are denoted by ∆mi
and ∆mα.
• Then the total fermion masses are given by mtot,i = mi + ∆mi for neutrinos and
mtot,α = mα +∆mα for charged leptons.
• The scalar masses are denoted by M+a (a = 1, . . . , nH) and Mb (b = 1, . . . , 2nH) for
charged and neutral scalars, respectively.
• The vector boson masses are denoted by mW and mZ for W± and Z boson, respec-
tively.
7We emphasize once more that, in our notation, δvk is infinite while ∆vk is finite. In the rest of the
paper we always reserve the symbol “∆” for finite quantities.
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• Charged and neutral Goldstone bosons correspond to the indices a = 1 and b =1,
respectively, with eigenvalues M2+1 =M
2
1 = 0 of the respective mass matrices.
• However, due to the Rξ gauge the Goldstone bosons have squared masses ξWm2W
and ξZm
2
Z in the respective propagators.
All boson masses are tree-level masses. If in an expression several summations occur
referring to charged-scalar mass eigenfields or masses, then the indices a, a′ or a1, a2, . . .
are used. In the case of neutral scalars, b, b′ or b1, b2, . . . is utilized.
The paper is organized as follows. In section 2 we write down all interaction La-
grangians of the mHDSM needed for the computation of one- and two-point scalar func-
tions and the self-energies of the charged leptons and Majorana neutrinos. This section
also includes important relations concerning the diagonalization of the (nL+nR)×(nL+nR)
neutrino mass matrix. In section 3 we discuss the counterterms of the scalar one- and
two-point functions and determine all counterterm parameters, including δvk of the scalar
sector. Section 4 is devoted to a thorough examination of the ξ-independence of the one-
loop fermion masses. In section 5 we prove the finiteness of the fermion self-energies in
our renormalization scheme. In section 6 we present formulas for these self-energies in
Feynman gauge, by listing the individual contributions originating from charged-scalar,
neutral-scalar, W and Z exchange, and discuss the special case of the seesaw mecha-
nism. Finally, our conclusions are found in section 7. In appendix A we show how the
charged and neutral-scalar mass matrices are obtained from the scalar potential, while
in appendix B we discuss properties of the diagonalization matrices of the scalar mass
terms. A short consideration of on-shell contributions to fermion self-energies is found in
appendix C. Lastly, in appendix D we convert the loop functions that we use in section 6
to other functions commonly used in the literature.
2 Lagrangians
The formalism for the mHDSM has been developed in [11, 12, 28] (see also [8]).
2.1 Yukawa Lagrangian and lepton mass matrices
In this subsection we follow the notation of [11] and repeat some material from this paper.
As mentioned in the introduction, we assume that the electric charge remains conserved
after spontaneous symmetry breaking. Therefore, we can parameterize the Higgs doublets
and their VEVs as
φk =
(
ϕ+k
ϕ0k
)
, φ˜k =
(
ϕ0k
∗
−ϕ−k
)
, 〈φk〉0 = vk√
2
(
0
1
)
(3)
with
v =
√∑
k
|vk|2 ≃ 246GeV. (4)
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The Yukawa Lagrangian may be written as
LY = −
nH∑
k=1
[(
ϕ−k , ϕ
0
k
∗ )
e¯R Γk +
(
ϕ0k, −ϕ+k
)
ν¯R∆k
]( νL
eL
)
+H.c., (5)
where the Yukawa coupling matrices Γk and ∆k are nL × nL and nR × nL, respectively.
The lepton mass terms are given by
Lmass = −e¯RMℓeL − ν¯RMDνL + 1
2
νTRC
−1M∗RνR +H.c. (6)
with8
Mℓ =
1√
2
v∗kΓk and MD =
1√
2
vk∆k. (7)
The nR×nR matrix MR is in general complex and symmetric. With the chiral projectors
γL =
1
2
(1− γ5) and γR = 1
2
(1 + γ5) , (8)
the fermion mass eigenfields ℓα (α = e, µ, τ) and χi (i = 1, . . . , nL+nR) are obtained from
the weak chiral eigenfields eL,R and νL,R by the transformations
eL = WLγLℓ, eR =WRγRℓ, νL = ULγLχ, νR = URγRχ. (9)
The matrices WL and WR are unitary nL × nL matrices such that9
W †RMℓWL ≡ mˆℓ = diag (me, mµ, mτ ) . (10)
The matrices UL and UR are nL × (nL + nR) and nR × (nL + nR), respectively, such that
the matrix
U ≡
(
UL
U∗R
)
(11)
is (nL + nR)× (nL + nR) unitary. The unitarity of U is expressed as
ULU
†
L = 1nL , (12a)
URU
†
R = 1nR , (12b)
ULU
T
R = 0nL×nR , (12c)
and
U †LUL + U
T
RU
∗
R = 1nL+nR. (13)
U diagonalizes the (nL + nR)× (nL + nR) Majorana neutrino mass matrix, i.e.
UT
(
0 MTD
MD MR
)
U ≡ mˆν = diag (m1, m2, . . . , mnL+nR) , (14)
8Here and in the following we use the summation convention.
9We deviate slightly in notation from that of [11] where a basis has been assumed with WL = WR = 1.
In the present paper, for the sake of clarity, we stick to general unitary matrices WL and WR.
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with real and non-negative mi [29]. Therefore,
U∗LmˆνU
†
L = 0nL×nL , (15a)
URmˆνU
†
L = MD , (15b)
URmˆνU
T
R = MR . (15c)
A further relation is given by [8]
U †RMD = mˆνU
†
L. (16)
Now we turn to the scalar mass eigenfields S+a (a = 1, . . . , nH) and S
0
b (b = 1, . . . , 2nH),
related to ϕ+k and ϕ
0
k by
ϕ+k = UkaS
+
a and ϕ
0
k =
1√
2
(
vk + VkbS
0
b
)
, (17)
respectively. For the definition and properties of the matrices U and V we refer the reader
to appendix B.
Now we are in a position to formulate the Yukawa interactions in terms of mass
eigenfields. Since we perform computations with Majorana neutrinos, i.e. χc = χ, it is
useful to have at hand both the interaction Lagrangians of the charged-lepton fields ℓ and
of the charge-conjugated fields ℓc [30]. The neutral-scalar Yukawa interaction Lagrangian
may be written as
LY(S0) = − 1√
2
S0b
{
χ¯
[
FbγL + F
†
b γR
]
χ+ ℓ¯
[
GbγL +G
†
bγR
]
ℓ
}
. (18)
Note that
ℓ¯
[
GbγL +G
†
bγR
]
ℓ = ℓc
[
GTb γL +G
∗
bγR
]
ℓc. (19)
The charged-scalar Yukawa interaction Lagrangian can be formulated as
LY(S±) = S−a ℓ¯ [RaγR − LaγL]χ+ S+a χ¯
[
R†aγL − L†aγR
]
ℓ (20a)
= S−a χ¯
[
RTa γR − LTa γL
]
ℓc + S+a ℓ
c [R∗aγL − L∗aγR]χ. (20b)
Then for these Lagrangians the coupling matrices are given by [11]
Fb =
1
2
(
U †R∆kUL + U
T
L∆
T
kU
∗
R
)
Vkb, (21a)
Gb =
(
W †RΓkWL
)
V ∗kb, (21b)
Ra =
(
W †L∆
†
kUR
)
U∗ka, (21c)
La =
(
W †RΓkUL
)
U∗ka. (21d)
Since we identify the scalars carrying index 1 with the Goldstone bosons, we have
S01 ≡ G0 and S+1 ≡ G+. Using the matrix elements Vk1 and Uk1, required for the Goldstone
boson couplings, of equation (B.14) in appendix B, we obtain
∆kVk1 = i∆kUk1 = i
√
2
v
MD, ΓkV
∗
k1 = −iΓkU∗k1 = −i
√
2
v
Mℓ, (22)
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with v being defined in equation (4). Then, exploiting the formulas for the diagonalization
of the fermion mass matrices, the coupling matrices of G0 and G± can be converted into
F1 =
i√
2v
(
mˆνU
†
LUL + U
T
LU
∗
Lmˆν
)
, G1 = −i
√
2
v
mˆℓ (23)
and [11]
R1 =
√
2
v
W †LULmˆν , L1 =
√
2
v
mˆℓW
†
LUL, (24)
respectively.
2.2 Charged and neutral current interactions
The squares of vector boson masses are
m2W =
g2v2
4
, m2Z =
g2v2
4c2w
, (25)
with cw = mW/mZ being the cosine of the weak mixing or Weinberg angle.
In terms of the lepton mass eigenfields, we obtain the charged-current Lagrangian
Lcc = − g√
2
[
W−µ ℓ¯
(
W †LUL
)
γµγLχ+W
+
µ χ¯
(
U †LWL
)
γµγLℓ
]
(26a)
= +
g√
2
[
W−µ χ¯
(
W †LUL
)T
γµγRℓ
c +W+µ ℓ
c
(
U †LWL
)T
γµγRχ
]
, (26b)
and the neutral-current Lagrangians [8, 11]
Lnc = − g
4cw
Zµχ¯γ
µFLRχ− g
cw
Zµℓ¯γ
µ
[(
s2w −
1
2
)
γL + s
2
wγR
]
ℓ (27)
with
FLR =
(
U †LUL
)
γL −
(
UTLU
∗
L
)
γR. (28)
Finally, the electromagnetic interaction Lagrangian of the charged leptons with charge
−e is
Lem = eAµℓ¯γµℓ. (29)
Concerning the vector boson propagators in the Rξ gauge, they have the form
∆µνV (k) = −
gµν
k2 −m2V + iǫ
+
kµkν
m2V
(
1
k2 −m2V + iǫ
− 1
k2 − ξVm2V + iǫ
)
(30a)
= − g
µν
k2 −m2V + iǫ
+ (1− ξV ) k
µkν
(k2 −m2V + iǫ)(k2 − ξVm2V + iǫ)
(30b)
with V = Z,W,A. For photons only the second form of the propagator is meaningful.
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2.3 Vector boson–scalar interactions
Here we only display those interaction Lagrangians which we need in the present paper.
For the complete set of vector boson–scalar interaction Lagrangians see [12, 28]. Derivative
couplings of the vector bosons to scalars are given by
L∂ = ig
2
VkbU
∗
kaW
+
µ
(
S0b∂
µS−a − S−a ∂µS0b
)
(31a)
+
ig
2
V ∗kbUkaW
−
µ
(
S+a ∂
µS0b − S0b ∂µS+a
)
(31b)
− g
4cw
Im (V ∗kbVkb′)Zµ
(
S0b∂
µS0b′ − S0b′∂µS0b
)
. (31c)
In the case of non-derivative couplings, we will only need those to the neutral scalars:
Lnon−∂ =
(
g2
4
W+µ W
−µ +
g2
8c2w
ZµZ
µ
)[
(v∗kVkb + V
∗
kbvk)S
0
b + V
∗
kbVkb′S
0
bS
0
b′
]
. (32)
2.4 Scalar–ghost interactions
Defining
ωk =
vk
v
, (33)
we can write the interaction of the scalar mass eigenfields S0b with the ghost fields c
+, c−
and cZ as
L(S0c¯c) = −gmW ξW
2
∞∑
b=2
S0b
(
ω∗kVkb c+c
+ + ωkV
∗
kb c
−c−
)
(34a)
−gmZξZ
2cw
∞∑
b=2
S0b Re (ω
∗
kVkb) c¯ZcZ . (34b)
2.5 Triple scalar interactions
The triple-scalar interactions [28] follow straightforwardly from the scalar potential, equa-
tion (A.1):
L(S0S0S0) = −1
2
λijkl
(
v∗i Vjb1 + V
∗
ib1
vj
)
V ∗kb2Vlb3S
0
b1
S0b2S
0
b3
, (35)
L(S0S−S+) = −λijkl (v∗i Vjb + V ∗ibvj)U∗ka1Ula2S0bS−a1S+a2 . (36)
For the properties of λijkl see equation (A.2). If one of the scalars is a Goldstone boson,
then the difference of the squares of the masses of the other two scalars is involved in
the triple scalar coupling [11]. Specializing to the coupling of S0 to the Goldstone bosons
leads to [28]
L(S0GG) = 1
v
2nH∑
b=2
M2b Im
(
V †V
)
1b
S0b
(
G+G− +
1
2
G0G0
)
. (37)
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2.6 Quartic scalar interactions
The quartic scalar couplings which we need in the following are given by [28]
L(S0S0S0S0) = −1
4
λijklV
∗
ib1
Vjb2V
∗
kb3
Vlb4S
0
b1
S0b2S
0
b3
S0b4 , (38)
L(S0S0S−S+) = −λijklV ∗ib1Vjb2U∗ka1Ula2S0b1S0b2S−a1S+a2 . (39)
2.7 Scale factors in dimensional regularization
As mentioned in the introduction, we will be using dimensional regularization for the one-
loop integrals in d = 4 − ε dimensions. Introducing the mass scale M, in order to keep
the coupling constants dimensionless in d dimensions, we have to make the replacements
g →Mε/2g, ∆k →Mε/2∆k, Γk →Mε/2Γk, λijkl →Mελijkl. (40)
Similarly, the VEVs have to be scaled by
vi →M−ε/2vi, (41)
so that they have the dimension of a mass.
3 The scalar sector
In this section we discuss the one- and two-point functions of the neutral scalars.
3.1 The counterterms for the one- and two-point scalar func-
tions
The scalar potential is defined in equation (A.1). The Lagrangian of the scalar potential
plus its counterterm parameters is given by
− V (φ)− δV (φ) = − (µ2ij + δµˆ2ij)φ†iφj −Mε (λijkl + δλˆijkl)φ†iφjφ†kφl. (42)
Here the components of the Higgs doublets φi are meant to be bare fields. For the neutral
components of the Higgs doublets we make the ansatz10
ϕ0i =
1√
2
(
Z(1/2)ϕ
)
ij
[M−ε/2 (vj +∆vj + δvj) + VjbS0b ] . (43)
The VEVs vj are in our notation pure tree-level quantities defined as the solution of the
set of nH equations (
µ2ij + λijklv
∗
kvl
)
vj = 0. (44)
By definition, the fields S0b have vanishing VEVs, which is guaranteed beyond tree level
by the finite VEV shifts ∆vj . In addition, the VEV renormalization δvj is needed in the
10Note that the symbol “∆vj” used in [25] refers to the total VEV shifts of the bare scalar fields and
has, therefore, a meaning different from our ∆vj .
10
Rξ gauge in the case of ξ 6= 0 [17]. The complex nH × 2nH matrix (Vjb) is connected
to the orthogonal 2nH × 2nH diagonalization matrix of the mass matrix of the neutral
scalars. For its definition and properties we refer the reader to appendix B.
Since we only perform one-loop computations, we write(
Z(1/2)ϕ
)
ij
= δij +
1
2
z
(ϕ)
ij (45)
for the wave-function renormalization of the neutral scalars. It is convenient to absorb the
wave-function renormalization into the counterterm parameters of equation (42). Thus
we define
δµ2ij = δµˆ
2
ij +
1
2
(
µ2i′j
(
z
(ϕ)
i′i
)∗
+ µ2ij′ z
(ϕ)
j′j
)
(46)
and
δλijkl = δλˆijkl +
1
2
(
λi′jkl
(
z
(ϕ)
i′i
)∗
+ λij′klz
(ϕ)
j′j + · · ·
)
. (47)
With these definitions the counterterms for the one- and two-point functions are induced
by δµ2ij , δλijkl and δvj .
In writing down the counterterm for the scalar one-point function of S0b , we “truncate”
it by removing M−ε/2i/(−M2b ). Then the counterterm reads
S0b
= − i
2
[
δµ2ij +
1
2
δλ˜ijklv
∗
kvl
]
(v∗i Vjb + V
∗
ibvj) (48a)
− i
2
(δv∗i Vib + V
∗
ibδvi)M
2
b . (48b)
Here we have introduced the definition
λ˜ijkl ≡ λijkl + λilkj. (49)
and, consequently,
δλ˜ijkl ≡ δλijkl + δλilkj. (50)
In order to achieve the form of equation (48b) with the neutral scalar masses Mb, we
have taken into account equation (B.12). Note that, for later reference, we have split the
counterterm of equation (48) into a part induced by δµ2ij and δλ˜ijkl and a part induced
by δvi.
The counterterm pertaining to the scalar self-energy −iΠbb′(p2) is given by
S0b S
0
b′ = −
i
2
[
δµ2ij + δλ˜ijklv
∗
kvl
]
(V ∗ibVjb′ + V
∗
ib′Vjb)
− i
4
δλ˜ijkl [v
∗
i v
∗
kVjbVlb′ + vjvlV
∗
ibV
∗
kb′] (51a)
− i
2
λ˜ijkl (δv
∗
kvl + v
∗
kδvl) (V
∗
ibVjb′ + V
∗
ib′Vjb)
− i
4
λ˜ijkl [(δv
∗
i v
∗
k + v
∗
i δv
∗
k)VjbVlb′ + (δvjvl + vjδvl) V
∗
ibV
∗
kb′] . (51b)
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In this counterterm we have done a splitting analogous to the case of the one-point
function. Note that the second line in equation (51a) comes about because
δλijklv
∗
i v
∗
kVjbVlb′ =
1
2
δλ˜ijklv
∗
i v
∗
kVjbVlb′ , (52)
cf. equation (A.2). A similar argument applies to the second line of equation (51b).
We anticipate here that the counterterm of equation (48) connects via the scalar
propagator to a neutral or charged fermion line and contributes thus to the counterterms
of the fermion self-energy, and the VEV renormalization δvj contributes directly via vj →
vj + δvj to the fermion mass counterterms—see figure 6 for a graphical rendering. These
counterterms will play an important role in sections 4.3 and 5.
Now we proceed as announced in the introduction in items 1-3.
3.2 Renormalization of the quartic scalar couplings
(a) (b) (c)
(d) (e) (f)
Figure 1: The Feynman diagrams that determine δλ˜ijkl defined in equation (49). The lines
have the usual meaning: full, wiggly and dashed lines indicate fermions, vector bosons and
scalars, respectively.
In the MS renormalization scheme at one-loop order the terms proportional to c∞ of
equation (2) have to be cancelled by the respective counterterms.
Since we are only interested in the divergencies of the scalar four-point function, we
can stick to the unbroken theory for the computation of δλijkl. Moreover, as discussed in
the previous subsection, it suffices to compute δλ˜ijkl instead of δλijkl. This leads us to
consider the four-point function
〈0|Tϕ0i ϕ0j ∗ϕ0k ϕ0l ∗|0〉. (53)
The Feynman diagrams from which we compute the divergencies are displayed in figure 1.
There is a one-to-one correspondence between the labels of the subfigures and those of the
subequations of equation (54). Moreover, every subequation contains the contributions
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of both charged and neutral inner lines of the diagrams. We obtain the following result
for the divergencies:11
iLijkl ≡

ϕ0∗j
ϕ0i
ϕ0∗l
ϕ0k

c∞
=
i
16π2
c∞
{
4
[
λ˜ijmnλ˜klnm + λ˜ilmnλ˜kjnm
+ λijmnλklnm + λilmnλkjnm + λimknλmjnl + λimknλmlnj] (54a)
+
[
g4
4
(
3 + ξ2W
)
+
g4
8c4w
(
3 + ξ2Z
)]
(δijδkl + δilδkj) (54b)
−
(
2g2ξW +
g2
c2w
ξZ
)
λ˜ijkl (54c)
+
(
g4
4
ξ2W +
g4
8c4w
ξ2Z
)
(δijδkl + δilδkj) (54d)
−
(
g4
2
ξ2W +
g4
4c4w
ξ2Z
)
(δijδkl + δilδkj) (54e)
− 2Tr
(
ΓiΓ
†
jΓkΓ
†
l + ΓiΓ
†
lΓkΓ
†
j
)
− 2Tr
(
∆†i∆j∆
†
k∆l +∆
†
i∆l∆
†
k∆j
)}
. (54f)
The counterterm pertaining to the four-point function of equation (53) is given by
= −2i (δλijkl + δλilkj) = −2i δλ˜ijkl. (55)
Then the MS condition is 
c∞
+ = iLijkl − 2iδλ˜ijkl = 0 or δλ˜ijkl = 1
2
Lijkl. (56)
Note that Lijkl = Lilkj, as it has to be for consistency.
For the further discussion it is convenient to decompose δλ˜ijkl as
δλ˜ijkl = δλ˜ijkl(S) + δλ˜ijkl(ℓ
±) + δλ˜ijkl(χ) + δλ˜ijkl(ξ
0) + δλ˜ijkl(ξ
1) + δλ˜ijkl(ξ
2). (57)
The first three terms correspond to the contributions of the scalars, the charged leptons
and the neutrinos, respectively, i.e. to those diagrams which do not have a vector boson
line. Vector boson contributions can be characterized by powers in the gauge parameters
11Here and in the following, a full blob means a sum over one-loop diagrams, whereas a circle with a
cross refers to a counterterm. When specific parts of these entities are addressed, they are put within
parentheses with subscripts indicating the specifics.
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(ξν with ν = 0, 1, 2)—see equation (54). Actually, diagrams with two vector boson lines
are proportional to g4 and have parts with ξ0 and ξ2, whereas diagrams with one vector
boson line are proportional to g2ξ1 and a quartic scalar coupling.
However, inspection of equation (54) reveals that the ξ2-terms cancel each other, i.e.
δλ˜ijkl(ξ
2) = 0. (58)
3.3 Divergencies of the neutral-scalar self-energy
(a) (b) (c)
(d) (e) (f)
(g)
Figure 2: The Feynman diagrams contributing the scalar self-energy in the broken phase. In
addition to the lines explained in figure 1, in diagram (f) we have dotted lines indicating ghost
propagators.
Now we turn to the divergencies of the scalar two-point function. Having obtained the
result for δλ˜ijkl, we need δµ
2
ij and δvi for the full counterterm of the two-point function,
equation (51). The aim of the present section is not only to compute δµ2ij and δvi but our
computations also serve as a consistency check that the scalar self-energy can indeed be
made finite by a suitable choice of these parameters.
In the presentation of the one-loop results for the divergencies we use the vector boson
masses of equation (25), the definitions of the matrices Λ, K and K ′ given in appendix A,
and equations (B.2) and (B.11). The divergencies refer to those of −iΠbb′(p2), where
Πbb′(p
2) is the self-energy matrix of the neutral scalar mass eigenfields S0b .
Now we list the momentum-independent divergencies belonging to the diagrams of
figure 2. In the individual results we indicate the nature of the particle (or particles) in
the loop.
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Diagram (a), charged scalars:
i
16π2
c∞λijmnλnmkl (v
∗
i Vjb + V
∗
ibvj) (v
∗
kVlb′ + V
∗
kb′vl) , (59)
diagram (a), neutral scalars:
i
16π2
c∞
{
(V ∗kbVlb′ + V
∗
kb′Vlb)
[
λ˜ilmnλ˜kjnm + λimkn (λmjnl + λnjml)
]
v∗i vj
+ (VjbVlb′v
∗
i v
∗
k + V
∗
ibV
∗
kb′vjvl) λ˜ijmnλ˜klnm
}
, (60)
diagram (b), charged scalars:
i
16π2
c∞ (V
∗
ibVjb′ + V
∗
ib′Vjb)
[
1
4
g2ξW Λij + λijkl
(
µ2 + Λ
)
lk
]
, (61)
diagram (b), neutral scalars:
i
16π2
c∞
{
g2ξZ
8c2w
[
(V ∗ibVjb′ + V
∗
ib′Vjb) (Λ +K
′)ij − λijkl (VjbVlb′v∗i v∗k + V ∗ibV ∗kb′vjvl)
]
+λ˜ijkl (V
∗
ibVjb′ + V
∗
ib′Vjb)
(
µ2 + Λ +K ′
)
lk
+ λijklVjbVlb′K
∗
ik + λijklV
∗
ibV
∗
kb′Kjl
}
, (62)
diagram (c), W± and Z bosons:
i
16π2
c∞δbb′
[
g4v2
8
(
3 + ξ2W
)
+
g4v2
16c4w
(
3 + ξ2Z
)]
, (63)
diagram (d), W± and Z bosons:
i
16π2
c∞ (v
∗
kVkb + V
∗
kbvk) (v
∗
l Vlb′ + V
∗
lb′vl)
[
g4
16
(
3 + ξ2W
)
+
g4
32c4w
(
3 + ξ2Z
)]
, (64)
diagram (e), W± boson and charged scalars:
− i
16π2
c∞ (V
∗
ibVjb′ + V
∗
ib′Vjb)
[
1
16
g4ξ2W
(
δijv
2 + viv
∗
j
)
+
1
4
g2ξW
(
µ2 + Λ
)
ij
]
, (65)
diagram (e), Z boson and neutral scalars:
i
16π2
c∞
{
−g
4ξ2Z
64c4w
[
2 (V ∗ibVjb′ + V
∗
ib′Vjb) δijv
2 + (v∗kVkb + V
∗
kbvk) (v
∗
l Vlb′ + V
∗
lb′vl)
]
+
g2ξZ
8c2w
[
VibVjb′K
∗
ij + V
∗
ibV
∗
jb′Kij − (V ∗ibVjb′ + V ∗ib′Vjb)
(
µ2 + Λ +K ′
)
ij
]}
, (66)
diagram (f), charged ghosts:
− i
16π2
c∞
g4v2
16
ξ2W (ω
∗
kVkb ω
∗
l Vlb′ + ωkV
∗
kb ωlV
∗
lb′) , (67)
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diagram (f), neutral ghost:
− i
16π2
c∞
g4v2
16c4w
ξ2Z Re (ω
∗
kVkb) Re (ω
∗
l Vlb′) (68)
diagram (g), charged leptons:
− i
16π2
c∞ × Tr
{(
Γ†kΓjM
†
ℓMℓ + ΓjΓ
†
kMℓM
†
ℓ
) (
V ∗jbVkb′ + V
∗
jb′Vkb
)
+ Γ†kMℓΓ
†
jMℓ Vjb′Vkb + ΓkM
†
ℓΓjM
†
ℓ V
∗
jb′V
∗
kb
}
, (69)
diagram (g), neutrinos:
− i
16π2
c∞ × Tr
{[
M †DMD∆
†
j∆k +
(
MDM
†
D +MRM
†
R
)
∆k∆
†
j
] (
V ∗jbVkb′ + V
∗
jb′Vkb
)
+ ∆kM
†
D∆jM
†
D Vjb′Vkb +∆
†
kMD∆
†
jMD V
∗
jb′V
∗
kb
}
. (70)
In the last two equations we have exploited the mass relations for the leptons, as presented
in section 2.1.
Some remarks concerning the ξ-dependence of the divergencies are in order. In equa-
tions (61) and (62) the linear ξ-dependence comes from the Goldstone bosons in the loop
because, due to the Rξ gauge, the Goldstone boson masses M
2
+1 = M
2
1 = 0 are replaced
by ξWm
2
W and ξZm
2
Z , respectively. The vector boson loops of equation (63) and (64)
lead to a quadratic ξ-dependence, stemming from the ξ-dependence of the vector boson
propagators. Finally, the mixed vector boson–scalar loops have a linear ξ-dependence
originating in the vector boson propagator, however, an additional factor ξ comes into
play in the case of Goldstone bosons in the loop.
3.4 Determination of δµ2ij and δvk
Having computed δλ˜ijkl in section 3.2, we are now in a position to determine δµ
2
ij and δvk
from the divergencies of the scalar self-energy as presented in the previous subsection. In
a graphical presentation, δµ2ij and δvk are to be computed from(
S0b S
0
b′
)
c∞
+ S0b S
0
b′ = 0. (71)
It can be checked straightforwardly that the divergencies of the scalar self-energy given
by equations (59)–(70) have the same types of terms as those in the decomposition of
δλ˜ijkl in equation (57). Therefore, δµ
2
ij can be decomposed in the same way:
δµ2ij = δµ
2
ij(S) + δµ
2
ij(ℓ
±) + δµ2ij(χ) + δµ
2
ij(ξ
0) + δµ2ij(ξ
1) + δµ2ij(ξ
2). (72)
It will turn out that, after insertion of δλ˜ijkl of equation (56) into the counterterm of
equation (51a) and adding it to the divergencies of the scalar self-energy, the determination
of δµ2ij and δvk is unique for the following reasons:
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1. As proven in [17], δvk is a linear function in ξ.
2. Therefore, with the exception of the terms proportional to ξ1, for the cancellation
of the divergencies we only have the counterterm containing δµ2ij at our disposal.
3. As we will see, both the divergencies proportional to ξ1 and the counterterm induced
by δvk are linear combinations of the two linearly independent matrices δbb′M
2
b′ and
(V ∗ibVjb′ + V
∗
ib′Vjb)µ
2
ij, while the counterterm induced by δµ
2
ij(ξ
1) is proportional to
the second matrix. Therefore these two counterterms are linearly independent and
a unique combination of the two cancels the divergencies.
One might think that the usage of the scalar one-point function is appropriate to fix δvk,
but this does not offer any advantage because one would need δµ2ij anyway since it occurs
in the counterterm—see equation (48).
Inserting δλ˜ijkl of equation (56) into the counterterm of equation (51a), we find( )
c∞, X
+
( )
δλ˜(X)
= 0 for X = ℓ±, ξ0. (73)
Moreover, ( )
ξ2
=
( )
δλ˜(ξ2)
= 0. (74)
Therefore, in these cases we obtain
δµ2ij(ℓ
±) = δµ2ij(ξ
0) = δµ2ij(ξ
2) = 0. (75)
However, in the cases of X = S, χ, ξ1 the counterterm parameter δµ2ij(X) is non-trivial.
From( )
c∞,X
+
( )
δλ˜(X)
+
( )
δµ2(X)
= 0 for X = S, χ, (76)
we compute
δµ2ij(S) =
2
16π2
c∞ (2λijkl + λilkj)µ
2
lk (77)
and
δµ2ij(χ) = −
2
16π2
c∞Tr
(
MRM
†
R∆j∆
†
i
)
. (78)
It is amusing to notice that the latter equation is the only instance where MR, the mass
matrix of the right-handed neutrino singlets, appears in a counterterm.
The linear ξ-terms need a special treatment and we will be very detailed in their
discussion. Our aim is to determine the remaining counterterm parameters δµ2ij(ξ
1) and
δvk from the divergencies linear in ξ of the scalar self-energy. In order to streamline the
notation, we define
A1 =
c∞
16π2
(
g2ξW
4
+
g2ξZ
8c2w
)
, (79)
where the index 1 indicates linearity in ξ. In terms of this quantity, the sum over all
divergencies linear in ξ of the scalar self-energy—see section 3.3—can be written as( )
c∞, ξ1
= −i (V ∗ibVjb′ + V ∗ib′Vjb)µ2ijA1. (80)
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Now we turn to the counterterm of equation (51) and discuss the various contributions
linear in ξ. It is easy to see from equations (54) and (56) that δλ˜(ξ1)ijkl, the part propor-
tional to ξ1 of δλ˜ijkl, can be written in terms of A1 as well:
δλ˜(ξ)ijkl = −4A1λ˜ijkl. (81)
Plugging this expression into the counterterm formula of equation (51a) and using equa-
tion (B.13), we obtain( )
δλ˜(ξ1)
= 4iA1δbb′M
2
b′ − 2i (V ∗ibVjb′ + V ∗ib′Vjb)µ2ijA1. (82)
The remaining terms linear in ξ in equation (51) consist of the δµ2ij(ξ
1)-part of equa-
tion (51a) and the counterterm induced by δvi, equation (51b), and contain thus the
parameters we want to determine.
Adding up all terms linear in ξ, divergence and the three counterterm contributions,
we have( )
c∞, ξ1
+
( )
ξ1
=− i (V ∗ibVjb′ + V ∗ib′Vjb)µ2ijA1 (83a)
+ 4iA1δbb′M
2
b′ − 2i (V ∗ibVjb′ + V ∗ib′Vjb)µ2ijA1 (83b)
− i
2
(V ∗ibVjb′ + V
∗
ib′Vjb) δµ
2
ij(ξ
1) (83c)
− i
2
λ˜ijkl (δv
∗
kvl + v
∗
kδvl) (V
∗
ibVjb′ + V
∗
ib′Vjb)
− i
4
λ˜ijkl [(δvjvl + vjδvl)V
∗
ibV
∗
kb′ + (δv
∗
i v
∗
k + v
∗
i δv
∗
k) VjbVlb′ ] . (83d)
We know that the sum of these terms must be zero. Since in equations (83a) and (83b)
these gauge parameters only occur in A1 and taking into account that δvk is linear in ξW
and ξZ , we are lead to the ansatz δvk = cA1vk, where c is a constant to be determined by
the cancellation of the divergencies. Plugging this ansatz into equation (83d) (last two
lines of equation (83)) and using equation (B.13), after some computation these two lines
are rewritten as
− icA1
[
2δbb′M
2
b′ − (V ∗ibVjb′ + V ∗ib′Vjb)µ2ij
]
. (84)
Obviously, with c = 2 or
δvk = 2A1vk (85)
the A1-part of the counterterm induced by δvk, equation (84), cancels the term 4iA1δbb′M
2
b′
of equation (83b).
Having thus determined δvk, we consider the sum of the remaining terms in equa-
tion (83) which amounts to
− i (V ∗ibVjb′ + V ∗ib′Vjb)µ2ijA1 −
i
2
(V ∗ibVjb′ + V
∗
ib′Vjb) δµ
2
ij(ξ
1). (86)
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Thus we find that
δµ2ij(ξ
1) = −2A1µ2ij (87)
together with δvk of equation (85) induce counterterms which cancel the terms linear in
ξ in the scalar self-energy. With this, we have finally determined the complete set of
parameters, δµ2ij, δλ˜ijkl and δvk that make the scalar self-energy finite.
3.5 Finiteness of the scalar one-point function
(a) (b)
Figure 3: The tadpole diagrams involving the vector bosons and the ghost fields.
As in the case of the counterterm of equation (48), we consider the “truncated” one-point
function of S0b , where the external propagator i/(−M2b ) and the factorM−ε/2 are removed.
Also we emphasize that the scalar one-point function referring to S01 ≡ G0 is zero—see
discussion after equation (97) in section 3.6. Thus we consider the truncated one-point
functions of S0b with b = 2, . . . , 2nH . The counterterms for the one-point function induced
by δµ2ij , δλ˜ijkl and δvi are obtained by application of equation (48).
Vector boson and ghost loops: The tadpole diagrams involving the vector boson
and ghost loops—see figure 3—deserve a special treatment because the ghost loops cancel
exactly that part of the vector boson loops deriving from the gauge-dependent part of the
propagator in equation (30a) [24]. Concretely, we are going to demonstrate that the cZ
loop cancels the ξZ-dependent contribution of the Z propagator and the c
+ and c− loops
cancel the ξW -dependent contribution of the W propagator.
First we consider the Z and cZ loops in diagrams (a) and (b) of figure 3, respectively.
According to the Lagrangians (32) and (34b), we obtain the loop integrals∫
ddk
(2π)d
{
ig2
8c2w
(v∗i Vib + V
∗
ibvi)
k2
m2Z
−i
k2 − ξZm2Z + iǫ
+(−i)gξZmZ
2cw
Re (ωiVib)
−i
k2 − ξZm2Z + iǫ
}
. (88)
Note that the minus sign in the numerator of the ghost propagator takes into account the
anticommuting nature of the ghost fields. Now we use
k2
k2 − ξZm2Z
= 1 +
ξZm
2
Z
k2 − ξZm2Z
and
∫
ddk
(2π)d
1 = 0, (89)
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the formula for the Z mass of equation (25), the definition of ωk in equation (33), and
the relation
v∗i Vib + V
∗
ibvi = 2vRe (ω
∗
i Vib) . (90)
It is then easy to see that the integral (88) is zero.
In the case of theW boson in diagram (a) and the ghost fields c+ and c− in diagram (b)
of figure 3, Lagrangians (32) and (34a) lead to the loop integral∫
ddk
(2π)d
{
ig2
4
(v∗i Vib + V
∗
ibvi)
k2
m2W
−i
k2 − ξWm2W + iǫ
+(−i)gξWmW
2
(ω∗i Vib + ωiV
∗
ib)
−i
k2 − ξZm2W + iǫ
}
(91)
With the same arguments as before we conclude that it is zero.
Divergencies of the Goldstone boson loops and the ξ-dependent terms: The
ξ-dependent divergencies of the tadpoles come from the Goldstone-boson loops. The
relevant Lagrangian is displayed in equation (37). Using the identity
Im
(
V †V
)
1b
= − 1
2v
(v∗i Vib + V
∗
ibvi) , (92)
these are given by  G±/G0 
c∞, ξ1
=
i
2
(v∗i Vib + V
∗
ibvi)M
2
bA1. (93)
The counterterm of equation (48a) associated with δλ˜ijkl(ξ
1) of equation (54c) can be put
into the form( )
δλ˜(ξ1)
=
i
2
(v∗i Vib + V
∗
ibvi)M
2
bA1 − i (v∗i Vjb + V ∗ibvj)µ2ijA1. (94)
Now we add up all terms of the scalar one-point function proportional to ξ1, i.e. equa-
tions (93) and (94) and the remaining counterterms of equation (48), namely those with
δµ2ij(ξ
1) and δvi:( )
c∞, ξ1
+
( )
ξ1
=
i
2
(v∗i Vib + V
∗
ibvi)M
2
bA1 (95a)
+
i
2
(v∗i Vib + V
∗
ibvi)M
2
bA1 − i (v∗i Vjb + V ∗ibvj)µ2ijA1 (95b)
− i
2
(v∗i Vjb + V
∗
ibvj) δµ
2
ij(ξ
1) (95c)
− i
2
(δv∗i Vib + V
∗
ibδvi)M
2
b . (95d)
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Taking δvi from equation (85) and δµ
2
ij(ξ
1) from equation (87), the terms in equation (95)
add up to zero. Note that the blob in equation (95) is identical with the Goldstone loops in
equation (93) because, as explained in the beginning of this subsection, the ξ-dependence
of vector boson propagators is cancelled by the ghost loops.
The remaining tadpole diagrams: A tedious but straightforward computation de-
monstrates that the ξ-independent divergencies of the tadpole diagrams are cancelled
by the counterterm (48a) by plugging in the expressions for δµ2ij(X) and δλ˜ijkl(X) with
X = S, ℓ±, χ, ξ0.
Summarizing, we have found that the counterterms determined by MS renormalization
of the scalar four-point function and the scalar self-energy make the scalar one-point
function finite.
3.6 The VEV shift ∆vi and the tadpoles
Using equation (B.12), we find that a finite VEV shift ∆vi induces the term
−M−ε/21
2
M2b (∆v
∗
i Vib + V
∗
ib∆vi)S
0
b ≡ −M−ε/2∆tbS0b (96)
in the scalar potential. As announced in section 1, we will now show that it is possible to
choose ∆vi such that the scalar one-point function is zero at the one-loop level. There are
three contributions to the truncated one-point function: the loop integrals −iTb, the sum
of the counterterms (95b)–(95d) denoted by −iCb, and the contribution of equation (96).
Thus we require, in order to achieve a vanishing one-point function,
+ + = −i (Tb + Cb +∆tb) ≡ 0 or ∆tb = −Tb − Cb. (97)
The triangle represents the term −i∆tb induced by equation (96).
Before we derive a formula for VEV shift ∆vk, let us dwell a little bit on the one-
point function of G0. That G0 is an unphysical field is suggestive of its vanishing. This
is indeed borne out by explicit one-loop considerations: all couplings of G0 to bosons,
including the ghost field cZ , vanish, the c
+ and c− loops cancel each other exactly, and
the fermion loops give zero when the trace is taken in flavour and Dirac space. Concerning
the counterterms (48) and taking into account equation (85), we see that all counterterms
of the one-point function of G0 contain the factor v∗i Vi1 + V
∗
i1vi. Since Vi1 = ivi/v—see
equation (B.14), this factor obviously vanishes.
To proceed further, some remarks are in order:
i. From the considerations in section 3.5 we know that the scalar one-point functions,
i.e. the quantities Tb + Cb = −∆tb are finite, thus the ∆vi are finite as well.12
Diagrammatically, this can be expressed as
= −
( )
finite
,
12 We remind the reader that we use the symbol “∆,” occurring in ∆vk and ∆tb, for finite quantities.
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where the subscript “finite” indicates that all terms proportional to c∞ have been
subtracted.
ii. Since ∆tb belongs to the real scalar field S
0
b , this quantity must be real.
iii. In the quantity ∆tb, the massesMb derive from the mass matrix of the neutral scalars
where the Goldstone boson has zero mass, while the Goldstone mass-squared ξZm
2
Z
derives from the Rξ-gauge condition and occurs only in the propagator.
We can summarize this discussion in the following way:
∆t1 = 0, (∆tb)
∗ = ∆tb, and
1
2
(∆v∗i Vib + V
∗
ib∆vi) =
∆tb
M2b
for b = 2, . . . , 2nH .
(98)
Eventually, our aim is to obtain ∆vk from the ∆tb, but there is the obstacle that
∆v∗i Vi1 + V
∗
i1∆vi is not determined, because it is multiplied by M
2
1 = 0 in ∆t1. However,
as we will shortly see, the only consistent value of this quantity is
∆v∗i Vi1 + V
∗
i1∆vi = 0. (99)
Taking this relation into account, the first two relations of equation (B.5) allow to derive
the VEV shifts
∆vk =
2nH∑
b=2
∆tb
M2b
Vkb. (100)
This means that it is indeed possible to make the scalar one-point function vanish by a
finite VEV shift ∆vk.
Let us check now that equation (100) is indeed consistent with equation (99). We plug
the result for ∆vk into equation (99) and utilize the third relation in equation (B.5). In
this way we obtain
∆v∗i Vi1 + V
∗
i1∆vi =
2nH∑
b=2
∆tb
M2b
(V ∗ibVi1 + V
∗
i1Vib) = 2
2nH∑
b=2
∆tb
M2b
δb1 = 0,
which is the desired result.
Now we want to demonstrate that the insertion of all tadpole contributions, including
the tadpole counterterm, on a fermion line is equivalent to make the shift vk → vk +∆vk
in the mass term of the respective fermion in the Lagrangian. We begin with the charged-
lepton lines. The corresponding expression for these diagrams is
+ = − i√
2
Mε/2
2nH∑
b=2
[
GbγL +G
†
bγR
]
× i−M2b
×(−i)M−ε/2 (Tb + Cb) .
(101)
Replacing Tb + Cb by −∆tb, c.f. equation (97), and using the expression for ∆tb given in
equation (96), we obtain
= − i√
2
2nH∑
b=2
[
GbγL +G
†
bγR
]
× i−M2b
× i
2
M2b (∆v
∗
i Vib + V
∗
ib∆vi) . (102)
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Here the scalar squared masses M2b cancel. Taking into account equation (99), we can—
after this cancellation—take the sum from b = 1 to 2nH .
13 Since Gb contains the factor
V ∗kb—see equation (21b), we apply the first two relations in equation (B.5). This gives the
final form of equation (101), namely
= − i√
2
(
W †RΓk∆v
∗
kWLγL +W
†
LΓ
†
k∆vkWRγR
)
. (103)
This expression has exactly the form of the contribution of a mass term to the fermion
self-energy, however, with ∆vk instead of vk. We have thus proven the above statement.
Now we turn to neutrino lines. We proceed as before and obtain the intermediate
expression
2×
(
− i√
2
)
Mε/2
2nH∑
b=2
[
FbγL + F
†
b γR
]
× i−M2b
× (−i)M−ε/2 (Tb + Cb)
= −i
√
2
2nH∑
b=2
[
FbγL + F
†
b γR
]
× i−M2b
× i
2
M2b (∆v
∗
i Vib + V
∗
ib∆vi) . (104)
Note that the factor 2 comes about due to the Majorana nature of the neutrinos. Then
we plug in Fb of equation (21a) and employ again equation (B.5). We finally arrive at the
expression
− i√
2
{(
U †R∆kUL + U
T
L∆
T
kU
∗
R
)
∆vkγL +
(
U †L∆
†
kUR + U
T
R∆
∗
kU
∗
L
)
∆v∗kγR
}
(105)
This contribution to −iΣ corresponds precisely to a term
− 1√
2
χ¯
(
U †R∆kUL∆vkγL + U
†
L∆
†
kUR∆v
∗
kγR
)
χ (106)
in the Lagrangian—compare with theMD term in equation (6) after utilizing equation (9).
This proves that taking into account the tadpole diagrams on the neutrino lines corre-
sponds to making a finite VEV shift in the Dirac-type neutrino mass term in the La-
grangian.
4 Gauge-parameter independence of the one-loop fer-
mion masses
4.1 Two decompositions of the fermion self-energy
We denote by Σ the renormalized fermion self-energy. It can be decomposed as
Σ(p) = /p
(
Σ
(A)
L (p
2)γL + Σ
(A)
R (p
2)γR
)
+ Σ
(B)
L (p
2)γL + Σ
(B)
R (p
2)γR. (107)
13In this context, equation (99) means that the Goldstone boson, i.e. b = 1 does not contribute, which
we know already from an earlier discussion in the present subsection. This is further evidence that
equation (99) is correct.
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For definiteness we use the index i for the fermion masses in this subsection though, in
the light of our notation convention laid out in section 1, for charged fermions we should
be using α instead. For n fermions the quantities Σ
(A)
L , Σ
(A)
R , Σ
(B)
L , Σ
(B)
R are n×n matrices
that fulfill the matrix relations(
Σ
(A)
L
)†
= Σ
(A)
L ,
(
Σ
(A)
R
)†
= Σ
(A)
R ,
(
Σ
(B)
L
)†
= Σ
(B)
R . (108)
Strictly speaking these relations hold only for the dispersive part of the self-energy. In
the case of Majorana fermions, one has in addition(
Σ
(A)
L
)T
= Σ
(A)
R ,
(
Σ
(B)
L
)T
= Σ
(B)
L ,
(
Σ
(B)
R
)T
= Σ
(B)
R . (109)
If there are no degeneracies in the tree-level masses mi, the diagonal elements of the
coefficient matrices in equation (107) allow to express—at lowest non-trivial order—the
mass shifts as
∆mi =
1
2
{
mi
[(
Σ
(A)
L
)
ii
(m2i ) +
(
Σ
(A)
R
)
ii
(m2i )
]
+
(
Σ
(B)
L
)
ii
(m2i ) +
(
Σ
(B)
R
)
ii
(m2i )
}
.
(110)
Therefore, the pole masses, comprising tree-level plus radiative corrections, are given by
mtot,i = mi +∆mi. (111)
As we will see, another useful decomposition of Σ is given by
Σ = ALγL + ARγR +
(
/p− mˆ
) (
B
(r)
L γL +B
(r)
R γR
)
+
(
B
(l)
L γL +B
(l)
R γR
) (
/p− mˆ
)
+
(
/p− mˆ
)
(CLγL + CRγR)
(
/p− mˆ
)
, (112)
where, for our purposes, mˆ is either mˆν or mˆℓ. For simplicity of notation we have dropped
the p2-dependence in the coefficient matrices AL,B, B
(r)
L,R, B
(l)
L,R, CL,R. Of course, one can
convert equation (112) into the form of equation (107), in which case one obtains the
identifications
Σ
(A)
L = B
(r)
L +B
(l)
R − CLmˆ− mˆCR, (113a)
Σ
(A)
R = B
(r)
R +B
(l)
L − CRmˆ− mˆCL, (113b)
Σ
(B)
L = AL − mˆB(r)L − B(l)L mˆ+ p2CR + mˆCLmˆ, (113c)
Σ
(B)
R = AR − mˆB(r)R −B(l)R mˆ+ p2CL + mˆCRmˆ. (113d)
The nice feature of the form of equation (112) is that the radiative mass shifts to the
tree-level masses are simply given by
∆mi =
1
2
{(
AL(m
2
i )
)
ii
+
(
AR(m
2
i )
)
ii
}
. (114)
Of course, this is to be expected but can also be checked explicitly by plugging the
expressions of equation (113) into equation (110).
24
At this point we want to stress that the discussion in the last paragraph holds also for
any part of the fermion self-energy. If such a part is decomposed as in equation (112), then
the coefficient matrices B
(r)
L,R, B
(l)
L,R, CL,R of this part will not contribute to the physical
mass shifts ∆mi. Therefore, any gauge dependence in B
(r)
L,R, B
(l)
L,R, CL,R is irrelevant for
the masses. This will be utilized in the following. The ξ-independence of the one-loop
neutrino masses for the model put forward in [6] has recently been shown in [31].
4.2 Gauge-parameter cancellation in fermion self-energy loops
W±/Z0
(a)
G±/G0
(b)
S0b
G±/G0
(c)
Figure 4: Loop contributions to the fermion self-energies that depend on ξ. In diagram (c)
only physical neutral scalars contribute, i.e. b = 2, . . . , 2nH .
The diagrams in figure 4 are those loop diagrams which have ξ-dependent boson propaga-
tors. Using equation (30a) for the vector boson propagator, the gauge dependence resides
in
− kµkν
m2V
1
k2 − ξVm2V + iǫ
with V = Z,W. (115)
In this subsection we will demonstrate that, when we include only this part of the vector
boson propagator in diagram (a), then the sum of the diagrams in figure 4 has the form
of equation (112) with vanishing AL and AR. In other words, of the diagrams in figure 4
only diagram (a) with the vector boson propagator
1
k2 −m2V + iǫ
(
−gµν + kµkν
m2V
)
(116)
contributes to ∆mi and the sum over the one-loop diagrams gives a ξ-independent con-
tribution to ∆mi, as it must be on physical grounds. We will prove this separately for
charged leptons and neutrinos and for charged and neutral boson exchange. The dis-
cussion presented here does not apply to photon exchange. This case will be treated
separately at the end of this subsection.
We first consider the contribution of diagram (a) of figure 4, with the vector boson
propagator of equation (115), to the fermion self-energies −iΣf (p) (f = χ, ℓ). In order to
streamline the discussion, we have to introduce some notation. We define
A ≡ ALγL +ARγR and A˜ ≡ ALγR +ARγL (117)
such that the coupling matrices of the vector bosons V to the fermions f have the structure
γµA, where A also includes the flavour part. The matrices A can be read off from the
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respective Lagrangians. Here is a list of all matrices A under discussion, with f being the
incoming fermion:
A = − g
4cw
FLR for V = Z, f = χ, (118)
A = − g√
2
W †LULγL for V = W, f = χ, (119)
Ac = + g√
2
(
W †LUL
)∗
γR for V = W, f = χ, (120)
A = − g
cw
[(
s2w −
1
2
)
γL + s
2
wγR
]
for V = Z, f = ℓ, (121)
A = − g√
2
U †LWLγL for V = W, f = ℓ. (122)
The matrix FLR is defined in equation (28). The expression Ac occurs in the Lagrangian
of equation (26b), its usage will be explained below. Moreover, we stipulate that mˆ is
the diagonal mass matrix of the fermions with momentum p on the external line, while mˆ
denotes the diagonal mass matrix of the fermions with momentum p− k on the internal
line of diagram (a) in figure 4. Eventually, with the abbreviation
P ≡ 1
/p− /k − mˆ+ iǫ , (123)
we find for the contribution to −iΣf (p), pertaining to the propagator of equation (115),
the expression
− 1
m2V
∫
ddk
(2π)d
1
k2 − ξVm2V + iǫ
/kA†P/kA. (124)
Since we are dealing with Majorana neutrinos, it has to be taken into account that
χ cannot only be Wick-contracted with χ¯ but also with χ, and the analogue applies to
χ¯. Dealing with one-loop computations, this complication arises only in the case of the
self-energy Σχ(p). In this context a very convenient identity is given by [30]
f¯1Of2 = (f2)cCOTC−1(f1)c, (125)
where f1 and f2 are any vectors of fermion fields and O is product of an arbitrary matrix
in Dirac space times a matrix in flavour space or a sum over matrices of this type; the
superscript c indicates the charge-conjugated field and C is the charge-conjugation matrix,
which acts only in Dirac space. Thus if one contracts χ with an interaction term f¯1Of2
where f2 = χ,
14 because of χc = χ one can simply take advantage of this identity and
the aforementioned contraction becomes the ordinary contraction of χ with χ¯, however,
at the expense of transforming O into COTC−1. Actually, in our one-loop computations
two cases15 cover all possible situations:
14For simplicity of notation we assume that O also contains the boson fields.
15As a side remark, for neutral-scalar vertex corrections a third case occurs which requires the La-
grangian of equation (19).
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i. In the couplings of S0b and Z—see equations (18) and (27), respectively—we have
f1 = f2 = χ and our respective coupling matrices are defined in such a way that
they are invariant under the transformation of equation (125):
C (γµFLR)
T C−1 = γµFLR, C
(
FbγL + F
†
b γR
)T
C−1 = FbγL + F
†
b γR. (126)
Consequently, in our formalism, a contraction of χ with an interaction term of the
type χ¯Oχ simply gives a factor of 2.
ii. In the case of charged-boson interactions, we display both versions of the Lagrangian
interaction density, the common one with the charged-lepton fields ℓ and, using
equation (125), the one with the fields ℓc—see equations (20) and (26), in order to
clearly spell out both contractions of the external χ or χ¯.
For W± exchange, i.e. diagram (a) of figure 4, the second case applies. In the light
of the discussion presented here there are two contributions to Σχ(p) to be taken into
account, stemming from A of equation (119) and Ac of equation (120).
Now we return to a discussion of equation (124). We follow [24] and make the decom-
position
/kA†P/kA = −A˜†/kA+ A′ +B′, (127)
where A˜ is defined in equation (117), and
A′ = −1
2
(
/p− mˆ
)A†A− 1
2
A˜†A˜ (/p− mˆ)
−1
2
mˆA†A− 1
2
A˜†A˜mˆ+ A˜†mˆA, (128)
B′ =
(
/p− mˆ
)A†PA˜ (/p− mˆ)
+
(
/p− mˆ
)A†P (A˜mˆ− mˆA)+ (mˆA† − A˜†mˆ)PA˜ (/p− mˆ)
+
(
mˆA† − A˜†mˆ
)
P
(
A˜mˆ− mˆA
)
. (129)
Obviously, the first term on the right-hand side of equation (127) drops out when perform-
ing the integration in equation (124) and all terms in equations (128) and (129) that have
/p− mˆ do not contribute to ∆mi or ∆mα. Therefore, it useful to introduce the definitions
A ≡ −1
2
mˆA†A− 1
2
A˜†A˜mˆ+ A˜†mˆA, B ≡
(
mˆA† − A˜†mˆ
)
P
(
A˜mˆ− mˆA
)
, (130)
which refer to the last line in equation (128) and in equation (129), respectively.
When we use in the following the notions A-term and B-term, we mean the contribu-
tion of A and B, respectively, to the loop integral of equation (124). We will now prove
the following [24]:
1. The A-term contribution of equation (130) to diagram (a) of figure 4 is exactly
cancelled by the sum over all physical neutral scalars S0b in diagram (c).
27
2. The B-term contribution of equation (130) to diagram (a) of figure 4 is exactly
cancelled by diagram (c).
These cancellations occur separately for both neutrino and charged-leptons on the external
lines and for both neutrino and charged-leptons on the inner lines. Therefore, in total
there are eight cancellations.
Neutrinos and the cancellation of the A-term: Firstly we consider Z exchange
and neutrinos on the internal line of diagram (a) in figure 4. With equation (118) and
using some formulas of section 2.1, we find in this case
A = − g
2
32c2w
[
mˆν
(
U †LULγL + U
T
LU
∗
LγR
)
+
(
U †LULγR + U
T
LU
∗
LγL
)
mˆν
]
. (131)
Taking into account a factor 4 from the Majorana contractions, we obtain for the loop
integral of equation (124) the A-term
4× 1
m2Z
∫
ddk
(2π)d
1
k2 − ξZm2Z + iǫ
× g
2
32c2w
[
mˆν
(
U †LULγL + U
T
LU
∗
LγR
)
+
(
U †LULγR + U
T
LU
∗
LγL
)
mˆν
]
. (132)
The expression for diagram (c) of figure 4 is given by
2nH∑
b=2
(−i
√
2)
(
FbγL + F
†
b γR
)
× i−M2b
× i
2v
M2b × Im
(
V †V
)
1b
∫
ddk
(2π)d
i
k2 − ξZm2Z + iǫ
.
(133)
Note the factor 1/2 on the vertex of S0b coupling to G
0—see equation (37). Since here M2b
cancels, we can use equation (B.7) to perform the summation
2nH∑
b=2
Fb Im
(
V †V
)
1b
= − 1√
2v
(
mˆνU
†
LUL + U
T
LU
∗
Lmˆν
)
. (134)
To obtain this expression, we have also utilized equation (16). Note that in this sum we
can include b = 1 because Im
(
V †V
)
1b
= 0. Finally, we end up with the expression
− 1
2v2
[(
mˆνU
†
LUL + U
T
LU
∗
Lmˆν
)
γL +
(
U †LULmˆν + mˆνU
T
LU
∗
L
)
γR
] ∫ ddk
(2π)d
1
k2 − ξZm2Z + iǫ
.
(135)
for diagram (c). Because of
g2
m2Zc
2
w
=
4
v2
(136)
it exactly cancels the A-term.
Secondly we consider W exchange and charged leptons on the internal line of dia-
gram (a) in figure 4. Here we obtain
A = −g
2
4
(
mˆνU
†
LULγL + U
†
LULmˆνγR
)
. (137)
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However, due to the Majorana nature, we also have the contribution from Ac of equa-
tion (120), leading to
Ac = −g
2
4
(
mˆνU
T
LU
∗
LγR + U
T
LU
∗
LmˆνγL
)
. (138)
The full A-term is, therefore,
1
m2W
∫
ddk
(2π)d
1
k2 − ξWm2W + iǫ
×g
2
4
[(
mˆνU
†
LULγL + U
†
LULmˆνγR
)
+
(
mˆνU
T
LU
∗
LγR + U
T
LU
∗
LmˆνγL
)]
. (139)
As for diagram (c) we can take over the previous result, equation (135), with minor
modifications:
− 1
v2
[(
mˆνU
†
LUL + U
T
LU
∗
Lmˆν
)
γL +
(
U †LULmˆν + mˆνU
T
LU
∗
L
)
γR
] ∫ ddk
(2π)d
1
k2 − ξWm2W + iǫ
.
(140)
Note there is no factor 1/2 on the vertex of S0b coupling to G
±—see equation (37). With
g2
m2W
=
4
v2
(141)
we see that also here the tadpoles cancel the A-term.
Neutrinos and the cancellation of the B-term: Firstly we discuss Z and χ exchange
in the loop diagram (a) of figure 4. For the computation of B we need
A˜mˆν − mˆνA = − g
4cw
(
TγR − T †γL
)
with T = U †LULmˆν + mˆνU
T
LU
∗
L. (142)
Since here A is hermitian, we have
mˆνA† − A˜†mˆν = −
(
A˜mˆν − mˆνA
)
. (143)
Thus the B-term is given by
− 4
m2Z
∫
ddk
(2π)d
1
k2 − ξZm2Z + iǫ
× (−1)× g
2
16c2w
(
TγR − T †γL
)P (TγR − T †γL) . (144)
Turning to diagram (b) of figure 4, the G0-coupling matrix F1 of equation (23) can be
written with the help of T as
F1 =
i√
2v
T †. (145)
This leads to the following expression for diagram (b):
−
∫
ddk
(2π)d
1
k2 − ξZm2Z + iǫ
× 1
v2
(
T †γL − TγR
)P (T †γL − TγR) . (146)
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Using again equation (136) we see that the expression for diagram (b) exactly cancels the
B-term.
Secondly we discuss W± and charged-fermion exchange in the loop diagram (a) of
figure 4. In the light of the discussion concerning Majorana fermions, we have to take
into account both W+ and ℓ− exchange and W− and ℓ+ exchange. Defining for simplicity
of notation the nL × (nL + nR) matrix
VL = W
†
LUL, (147)
for the quantity B of equation (130) we require the expressions
A˜mˆν − mˆℓA = − g√
2
(VLmˆνγR − mˆℓVLγL) , (148a)
mˆνA† − A˜†mˆℓ = − g√
2
(
mˆνV
†
LγL − V †LmˆℓγR
)
, (148b)
A˜cmˆν − mˆℓAc = + g√
2
(V ∗L mˆνγL − mˆℓV ∗LγR) , (148c)
mˆνA†c − A˜†cmˆℓ = +
g√
2
(
mˆνV
T
L γR − V TL mˆℓγL
)
. (148d)
Then, the corresponding B-term is given by
− 1
m2W
∫
ddk
(2π)d
1
k2 − ξWm2W + iǫ
× g
2
2
×
{(
mˆνV
†
LγL − V †LmˆℓγR
)
P (VLmˆνγR − mˆℓVLγL)
+
(
mˆνV
T
L γR − V TL mˆℓγL
)P (V ∗L mˆνγL − mˆℓV ∗LγR)} . (149)
In equation (20) we have formulated the couplings of G± to the fermions with the help of
the matrices of equation (24). With the matrix VL they are simply
R1 =
√
2
v
VLmˆν , L1 =
√
2
v
mˆℓVL. (150)
Just as diagram (a) of figure 4, diagram (b) has two contributions as well—see the La-
grangians of equations (20a) and (20b), given by∫
ddk
(2π)d
1
k2 − ξWm2W + iǫ
× 2
v2
×
{(
mˆνV
†
LγL − V †LmˆℓγR
)
P (VLmˆνγR − mˆℓVLγL)
+
(
mˆνV
T
L γR − V TL mˆℓγL
)P (V ∗L mˆνγL − mˆℓV ∗LγR)} . (151)
Obviously, using equation (141), diagram (c) cancels the B-term.
Charged leptons and the cancellation of the A-term: For Z and neutrino ex-
change A is simply given by
A = − g
2
8c2w
mˆℓ (152)
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and the A-term is thus
1
m2Z
∫
ddk
(2π)d
1
k2 − ξZm2Z + iǫ
× g
2
8c2w
mˆℓ. (153)
The sum over the tadpoles in diagram (c) of figure 4 now reads
2nH∑
b=2
−i√
2
(
GbγL +G
†
bγR
)
× i−M2b
× i
2v
M2b × Im
(
V †V
)
1b
∫
ddk
(2π)d
i
k2 − ξZm2Z + iǫ
. (154)
With
2nH∑
b=2
Gb Im
(
V †V
)
1b
= −
√
2
v
mˆℓ (155)
the tadpole contributions are thus
− 1
2v2
mˆℓ
∫
ddk
(2π)d
i
k2 − ξZm2Z + iǫ
. (156)
Applying equation (136), we see that they exactly cancel the A-term.
Though for charged W± and charged-lepton exchange A of equation (122) looks very
different from that of equation (121), the result for A is quite similar:
A = −g
2
4
mˆℓ. (157)
It gives the A-term
1
m2W
∫
ddk
(2π)d
1
k2 − ξWm2W + iǫ
× g
2
4
mˆℓ, (158)
while the tadpole contributions are
− 1
v2
mˆℓ
∫
ddk
(2π)d
i
k2 − ξWm2W + iǫ
. (159)
Both contributions exactly cancel each other, when taking into account equation (141).
Charged leptons and the cancellation of the B-term: Firstly we consider Z and
ℓ exchange in diagram (a) of figure 4. According to equation (130), the expressions
A˜mˆℓ − mˆℓA = g
2cw
mˆℓ (γR − γL) and mˆℓA† − A˜†mˆℓ = − g
2cw
mˆℓ (γR − γL) (160)
leads to B and thus to the B-term
1
m2Z
∫
ddk
(2π)d
1
k2 − ξZm2Z + iǫ
× g
2
4c2w
mˆℓ (γL − γR)Pmℓ (γL − γR) . (161)
With G1 of equation (23) and the Lagrangian of equation (18), diagram (b) of figure 4
gives
−
∫
ddk
(2π)d
1
k2 − ξZm2Z + iǫ
× 1
v2
mˆℓ (γL − γR)Pmℓ (γL − γR) , (162)
31
which exactly cancels the B-term.
Secondly we consider W and χ exchange in diagram (a) of figure 4. Here we have
A˜mˆℓ − mˆνA = − g√
2
(
V †LmˆℓγR − mˆνV †LγL
)
, (163a)
mˆℓA† − A˜†mˆν = − g√
2
(mˆℓVLγL − VLmˆνγR) (163b)
and the B-term
− 1
m2W
∫
ddk
(2π)d
1
k2 − ξWm2W + iǫ
×g
2
2
(mˆℓVLγL − VLmˆνγR)P
(
V †LmˆℓγR − mˆνV †LγL
)
. (164)
Considering diagram (b) of figure 4, we need the Lagrangian of equation (20a) and the
matrices R1 and L1 of equation (24). The expression for this diagram is then∫
ddk
(2π)d
1
k2 − ξWm2W + iǫ
× 2
v2
(VLmˆνγR − mˆℓVLγL)P
(
mˆνV
†
LγL − V †LmˆℓγR
)
, (165)
which precisely cancels the B-term.
Photon exchange: This is only possible for charged leptons. Moreover, diagrams (b)
and (c) in figure 4 do not exist in this case. However, here A = e1 and the decomposition
of equation (127) is simply given by
/kP/k = −/k − (/p− mˆℓ)+ (/p− mˆℓ)P (/p− mˆℓ) . (166)
This demonstrates that the part of the photon propagator proportional to ξA—c.f. equa-
tion (30b)—does not contribute to ∆mα.
4.3 Yukawa coupling renormalization and mass counterterms
(a) (b) (c) (d)
Figure 5: Vertex corrections to the couplings of neutral scalars to fermions.
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Yukawa coupling renormalization: Vertex corrections to the S0b coupling to neutri-
nos can effectively be written as counterterms to the Yukawa coupling matrices ∆k or can
be computed in the unbroken theory as a correction to the ϕ0k vertex. The result is
δ∆k = −2A1∆k − 1
16π2
c∞∆jΓ
†
kΓj , (167)
where the first term stems from diagrams (c) and (d) in figure 5 and the second one from
diagram (b) with charged-scalar exchange. Note that the contributions of diagram (a)
with neutral and charged vector boson exchange and of diagram (b) with neutral scalar
exchange are zero separately.
Now we discuss vertex corrections of the S0b coupling to leptons. Those can be sub-
sumed as δΓk. The result is
δΓk = −2A1Γk − 1
16π2
c∞Γj∆
†
k∆j
− g
2
16π2c2w
c∞ (3 + ξZ) s
2
w
(
s2w −
1
2
)
Γk − e
2
16π2
c∞ (3 + ξA) Γk, (168)
where the two terms in the first line originate, just as before, from diagrams (c) and (d) in
figure 5 and from diagram (b) with charged-scalar exchange. As before, diagram (a) with
W± exchange and diagram (b) with S0b′ exchange give vanishing contributions. However,
Z and photon exchange in diagram (a) are non-zero, leading to the two terms in the
second line.
(a) (b)
Figure 6: Counterterms on fermion lines.
Mass counterterms: There are two types of counterterms for the fermion self-energies.
The first type, depicted in diagram (a) of figure 6, originates in δvk, δ∆k and δMR for
neutrinos, while for charged leptons it stems from δvk and δΓk. Both have also wave-
function renormalization counterterms. Defining
δMℓ ≡ 1√
2
∑
k
(δv∗k Γk + v
∗
k δΓk) and δMD ≡
1√
2
∑
k
(δvk∆k + vk δ∆k) , (169)
diagram (a) thus refers to the terms
i/p δ
(ℓ) − i
[
W †R δMℓWLγL +W
†
L δM
†
ℓ WRγR
]
with δ(ℓ) = δ
(ℓ)
L γL + δ
(ℓ)
R γR (170)
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in the case of charged leptons and to
i/p
(
δ(χ)γL +
(
δ(χ)
)∗
γR
)
(171a)
−i
[(
U †R δMD UL + U
T
L δM
T
D U
∗
R
)
γL +
(
U †LδM
†
DUR + U
T
R δM
∗
D U
∗
L
)
γR
]
(171b)
−i
[
U †R δMR U
∗
R γL + U
T
R δM
∗
R UR γR
]
(171c)
for neutrinos. The second type of counterterm is symbolized by diagram (b) of figure 6
and connects the tadpole counterterm to the fermion line.
In order to discuss the ξ-dependence of the counterterms it is expedient to have the
explicit ξ-dependence of the wave-function renormalization matrices as well. For neutrinos
the result is
δ(χ)(ξ) = −2A1U †LUL, (172)
whereas for charged lepton we find the more involved result
δ(ℓ)(ξ) = − 1
16π2
c∞
{
g2
2
ξWγL +
g2
c2w
ξZ
[(
s2w −
1
2
)2
γL + s
4
wγR
]
+ e2ξA
}
. (173)
Using the definition of A1, equation (79), we can recast this equation into
δ(ℓ)(ξ) = −2A1γL − 1
16π2
c∞
{
g2
c2w
ξZ
[(
s4w − s2w
)
γL + s
4
wγR
]
+ e2ξA
}
. (174)
Gauge-parameter independence of mass counterterms: Let us take stock of the
ξ-dependence in the counterterms.
(a) In the counterterms pertaining to diagram (a) of figure 6, ξ-dependence occurs in
(a-i) δvk—see equation (85)—of δMℓ and δMD,
(a-ii) the A1-term of δ∆k and δΓk,
(a-iii) the residual ξ-dependence of δΓk not contained in A1,
(a-iv) the A1-term of δ
(χ)(ξ) and of δ(ℓ)(ξ) and
(a-v) the residual ξ-dependence of δ(ℓ)(ξ) not contained in A1.
(b) Finally, the ξ-dependence that resides in the tadpole counterterms symbolized by
diagram (b) of figure 6 has to be accounted for in the present discussion.16 The
relevant expression can be read off from equation (95), where the first line is the
divergence of the tadpole loops. Thus the sum of the other three lines, given by( )
ξ1
= − i
2
(v∗i Vib + V
∗
ibvi)M
2
bA1, (175)
are the ξ-dependent tadpole counterterms to be taken into account here.
16Note that in section 4.2 we have already treated the tadpole loops and their ξ-dependence–see figure 4,
but that discussion did not include the ξ-dependence of the tadpole counterterms.
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In the following we will show that the ξ-dependent counterterms listed here do not con-
tribute to ∆mi and ∆mα.
With equations (85), (167) and (168) it is obvious that the terms stemming from (a-i)
and (a-ii) cancel each other in both δMℓ and δMD.
Next we consider the terms originating in (a-iv) and diagram (b). In the case of
neutrinos the contribution of diagram (b) of figure 6 to −iΣχ(p) gives
=
2nH∑
b=2
(−i
√
2)
(
FbγL + F
†
b γR
)
× i−M2b
×
(
− i
2
)
(v∗i Vib + V
∗
ibvi)M
2
bA1. (176)
Since the expression in equation (175) is zero for b = 1—c.f. equation (B.14)—and the
scalar masses cancel, we can include b = 1 in the sum. Moreover, taking advantage of the
first two relations of equation (B.5) and using(
U †R∆kUL + U
T
L∆
T
kU
∗
R
)
vk = −2viF1, (177)
which follows from equations (21a) and (23), the contribution of diagram (b) of figure 6
finally has the form
= iA1
[(
mˆνU
†
LUL + U
T
LU
∗
Lmˆν
)
γL +
(
U †LULmˆν + mˆνU
T
LU
∗
L
)
γR
]
. (178)
Adding this to the A1-term of δ
(χ)(ξ) and introducing the abbreviation Z ≡ U †LUL, we
arrive at
−iA1
[
2/p
(ZγL + ZTγR)− (mˆνZ + ZT mˆν) γL + (Zmˆν + mˆνZT ) γR]
= −iA1
[(
/p− mˆν
)ZγL + ZTγL (/p− mˆν)+ (/p− mˆν)ZTγR + ZγR (/p− mˆν)] . (179)
According to section (4.1), we can read off from this expression that it does not contribute
to ∆mi. With this we have concluded the discussion of counterterms to the neutrino self-
energy.
Now we proceed in an analogous fashion in the case of charged leptons. Skipping here
all details, the A1-term of δ
(ℓ)(ξ) together with the contribution of diagram (b) of figure 6
leads to
− iA1
(
2/pγL − mˆℓ
)
= −iA1
[(
/p− mˆℓ
)
γL + γR
(
/p− mˆℓ
)]
(180)
in −iΣℓ(p). Therefore, this does not contribute to ∆mα.
It remains to consider the terms (a-iii) and (a-v), which refer solely to charged leptons.
These are
− i
16π2
c∞
{
g2
c2w
ξZ
[(
s4w − s2w
)
γL + s
4
wγR
]
+ e2ξA
}
/p
+
i
16π2
c∞
[
g2
c2w
ξZs
2
w
(
s2w −
1
2
)
+ e2ξA
]
mˆℓ. (181)
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Obviously, the ξA-terms combine to give /p−mˆℓ. That the ξZ-terms can also be decomposed
into expressions having external factors /p− mˆℓ, can be concluded from the discussion in
appendix C. Explicitly, one such decomposition is given by
[(
s4w − s2w
)
γL + s
4
wγR
]
/p− s2w
(
s2w −
1
2
)
mˆℓ
=
(
s4w −
1
2
s2w
)(
/p− mˆℓ
)
γL − 1
2
s2wγR
(
/p− mˆℓ
)
+ s4w
(
/p− mˆℓ
)
γR. (182)
Summarizing, we have found that all ξ-dependent counterterms to the neutrino or
charged-lepton self-energies have external factors /p−mˆν or /p−mˆℓ, respectively. Therefore,
in our renormalization scheme there are no ξ-dependent counterterms for the one-loop
radiative masses ∆mi (i = 1, . . . , nL + nR) and ∆mα (α = e, µ, τ).
5 Finiteness of the fermion self-energies
(a) (b) (c)
Figure 7: Fermion self-energy diagrams.
Here we want to demonstrate that in our renormalization scheme the fermion self-
energies are finite, while the explicit formulas are given later in section 6.1. The cor-
responding diagrams are displayed in figure 7. Since the wave-function renormalization
matrices can always be chosen such that the divergent terms proportional to /p cancel,
it is sufficient to consider Σ
(B)
L,R, defined in equation (107), of the fermion self-energies.
Moreover, due to equation (108) we only need to examine Σ
(B)
L . According to our renor-
malization scheme, diagram (c) of figure 7 is induced by the renormalization of the Yukawa
coupling matrices and the VEVs. The only genuine mass renormalization we have refers
to the renormalization of the mass matrixMR. However, as we will see shortly, at one-loop
level it is not needed.
5.1 Neutrinos
With δvk of equation (85) and δ∆k of equation (167), the part of the counterterm of
equation (171) that is supposed to make −i
(
Σ
(B)
νL γL + Σ
(B)
νR γR
)
finite reads
( )
/p=0
=
ic∞
16π2
{(
U †R∆jM
†
ℓΓjUL + U
T
LΓ
T
j M
∗
ℓ∆
T
j U
∗
R
)
γL+
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+
(
U †LΓ
†
jMℓ∆
†
jUR + U
T
R∆
∗
jM
T
ℓ Γ
∗
jU
∗
L
)
γR
}
− i
[
U †R δMR U
∗
R γL + U
T
R δM
∗
R UR γR
]
. (183)
Beginning with the Z contribution to the neutrino self-energy, it is easy to see that
equation (15a) makes it finite. Concerning neutral scalar exchange, it also does not give
a divergence because of VkbVlb = 0—see equation (B.5). As for W
± exchange, here the
chiral projector is the reason that both divergent and finite contributions to Σ
(B)
νL van-
ish. However, the charged-scalar exchange has a non-vanishing divergence, which agrees,
apart from the sign, with the counterterms in the first and second line of equation (183).
Therefore, the ξ-independent Yukawa counterterm in equation (167) indeed cancels the
divergence of Σ
(B)
νL . Consequently, the δMR counterterm of equation (171c) must be zero
because it is not needed. In other words, at the one-loop level we find
δMR = 0. (184)
For explicit formulas for the Z and scalar contributions to Σ
(B)
νL see equation (193) and
equations thereafter.
5.2 Charged leptons
We have to plug δvk of equation (85) and δΓk of equation (168) into the /p-independent
counterterm of equation (170). In this way, we obtain the complete counterterm pertaining
to −i
(
Σ
(B)
ℓL γL + Σ
(B)
ℓR γR
)
as
( )
/p=0
=
ic∞
16π2
{[
g2
c2w
(3 + ξZ) s
2
w
(
s2w −
1
2
)
+ e2 (3 + ξA)
]
mˆℓ
+ W †RΓjM
†
D∆jWLγL +W
†
L∆
†
jMDΓ
†
jWRγR
}
. (185)
It is straightforward to check that the ξZ , ξA and MD terms in this formula cancel the
divergences of the Z, photon and charged-lepton loops in Σ
(B)
ℓL . As in the case of neutrinos,
the W± loop is zero and the sum over the neutral-lepton loops is finite because of the
second relation in equation (B.5). Therefore, we find that δvk and δΓk indeed make the
self-energy of the charged leptons finite. For explicit formulas for the gauge boson and
scalar contributions to Σ
(B)
ℓL see equation (193) and equations thereafter.
6 One-loop fermion self-energy formulas in Feynman
gauge
In this section, our goal is to present formulas for the fermion self-energies that allow to
compute the one-loop radiative corrections to the tree-level masses. Since we have proven
that these corrections are ξ-independent, we can resort to a specific gauge. In order to
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have the most simple form of the vector boson propagators—see equation (30b), we choose
the Feynman gauge with
ξW = ξZ = ξA = 1 and M
2
+1 = m
2
W , M
2
1 = m
2
Z . (186)
Consequently, in our formulas for the lepton self-energies, summations over scalar con-
tributions always include the Goldstone bosons. At the end we use the self-energies to
investigate radiative corrections to the seesaw mechanism.
6.1 Self-energies
The mass formula, equation (110), can be adapted to the type of fermion by taking
into account equations (108) and (109). In this way we find the radiative fermion mass
corrections
∆mi = mi
(
Σ
(A)
νL
)
ii
(m2i ) + Re
(
Σ
(B)
νL
)
ii
(m2i ) (i = 1, . . . , nL + nR) (187)
and
∆mα =
mα
2
[(
Σ
(A)
ℓL
)
αα
(m2α) +
(
Σ
(A)
ℓR
)
αα
(m2α)
]
+Re
(
Σ
(B)
ℓL
)
αα
(m2α) (α = e, µ, τ) (188)
for neutrinos and charged leptons, respectively.
Because we are dealing with Majorana neutrinos, according to equation (109) we only
need Σ
(A)
νL and Σ
(B)
νL for Σν , while for Σℓ, the charged-lepton self-energy, Σ
(A)
ℓL , Σ
(A)
ℓR and
Σ
(B)
ℓL are required for the determination of the total self-energy. The self-energies can be
formulated with the two functions17
F0(r, s, t) =
∫ 1
0
dx ln
∆(r, s, t)
M2 and F1(r, s, t) =
∫ 1
0
dxx ln
∆(r, s, t)
M2 , (189)
where
∆(r, s, t) = xr + (1− x)s− x(1− x)t. (190)
In order to write the (nL+ nR)× (nL+nR) matrices Σ(A)νL and Σ(B)νL in a compact way, we
define the following diagonal matrices:
F̂0,a,ν = diag
(F0(M2+a, m21, p2), . . . ,F0(M2+a, m2nL+nR, p2)) , (191a)
F̂0,b,ν = diag
(F0(M2b , m21, p2), . . . ,F0(M2b , m2nL+nR, p2)) , (191b)
F̂0,W,ν = diag
(F0(m2W , m21, p2), . . . ,F0(m2W , m2nL+nR, p2)) , (191c)
F̂0,Z,ν = diag
(F0(m2Z , m21, p2), . . . ,F0(m2Z , m2nL+nR, p2)) . (191d)
In addition, we need the analogous matrices with F1. For the charged leptons, we have
nL × nL = 3× 3 matrices
F̂0,a,ℓ = diag
(F0(M2+a, m2e, p2),F0(M2+a, m2µ, p2),F0(M2+a, m2τ , p2)) , (192)
17A conversion to other widely used loop functions is given in appendix D.
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etc. In the case of charged fermions, photon exchange occurs as well, therefore, we also
introduce the matrices F̂0,A,ℓ and F̂1,A,ℓ, which have no analogue in the neutrino sector.
In the case of Σ
(B)
νL and Σ
(B)
ℓL we distinguish between that part stemming from the
diagrams of figure 7 and those from the VEV shift—see section 3.6. The first one we
indicate by the superscript “proper” and the second one by “shift”:
Σ
(B)
νL = Σ
(B, proper)
νL + Σ
(B, shift)
νL and Σ
(B)
ℓL = Σ
(B, proper)
ℓL + Σ
(B, shift)
ℓL . (193)
For the neutrinos, the result for the self-energy is
16π2Σ
(A)
νL = L
†
aF̂1,a,ℓLa +RTa F̂1,a,ℓR∗a + 2F †b F̂1,b,νFb
+
g2
2
V †L
(
1 + 2F̂1,W,ℓ
)
VL +
g2
4c2w
(
U †LUL + 2U
†
LULF̂1,Z,νU †LUL
)
, (194)
16π2Σ
(B, proper)
νL = −R†amˆℓF̂0,a,ℓLa − LTa mˆℓF̂0,a,ℓR∗a + 2FbmˆνF̂0,b,νFb
+
g2
c2w
UTLU
∗
LmˆνF̂0,Z,νU †LUL. (195)
The corresponding coupling matrices are found in sections 2.1 and 2.2. In the W± term,
the matrix VL of equation (147) occurs, which will also be relevant for the charged-lepton
self-energy. In the computation of the Z contribution, we have employed
F 2LR = U
†
LULγL + U
T
LU
∗
LγR (196)
and
FRLmˆνFLR = 0 with FRL = U
†
LULγR − UTLU∗LγL. (197)
These relations follow from equation (15a). The matrix FRL occurs in the Z contribution
because of changing the position of the Dirac matrices: γµFLR = FRLγ
µ.
Turning to charged leptons, the self-energy is given by
16π2Σ
(A)
ℓL = RaF̂1,a,νR†a +
1
2
G†bF̂1,b,ℓGb + e2
(
1+ 2F̂1,A,ℓ
)
+
g2
2
(
1+ 2VLF̂1,W,νV †L
)
+
g2
c2w
(
1 + 2F̂1,Z,ℓ
)(
s2w −
1
2
)2
, (198)
16π2Σ
(A)
ℓR = LaF̂1,a,νL†a +
1
2
GbF̂1,b,ℓG†b + e2
(
1 + 2F̂1,A,ℓ
)
+
g2
c2w
(
1+ 2F̂1,Z,ℓ
)
s4w, (199)
16π2Σ
(B, proper)
ℓL = −LamˆνF̂0,a,νR†a +
1
2
GbmˆℓF̂0,b,ℓGb − 2e2mˆℓ
(
1+ 2F̂0,A,ℓ
)
−2g
2
c2w
mˆℓ
(
1 + 2F̂0,Z,ℓ
)
s2w
(
s2w −
1
2
)
. (200)
The parts of the fermion self-energies induced by the VEV shift are read off from
equations (105) and (103), respectively:
Σ
(B, shift)
νL =
1√
2
(
U †R∆kUL + U
T
L∆
T
kU
∗
R
)
∆vk and Σ
(B, shift)
ℓL =
1√
2
W †RΓkWL∆v
∗
k. (201)
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The shifts ∆vk are related to the ∆tb of equation (96) via equation (100), while the ∆tb
are given by the sum over the finite parts of the tadpole diagrams—c.f. equation (97).
The individual results obtained from the tadpole diagrams are
∆t
(W )
b =
1
16π2
(
v∗jVjb + V
∗
jbvj
) g2m2W
4
(
1− 3 ln m
2
W
M2
)
, (202a)
∆t
(Z)
b =
1
16π2
(
v∗jVjb + V
∗
jbvj
) g2m2Z
8c2w
(
1− 3 ln m
2
Z
M2
)
, (202b)
∆t
(S±)
b =
1
16π2
λijkl (v
∗
i Vjb + V
∗
ibvj)U
∗
kaUlaM
2
+a
(
1− lnM
2
+a
M2
)
, (202c)
∆t
(S0)
b =
1
16π2
[
λ˜ijkl (v
∗
i Vjb + V
∗
ibvj) V
∗
kb′Vlb′ + λijkl (v
∗
i Vjb′V
∗
kbVlb′ + V
∗
ib′vjV
∗
kb′Vlb)
]
× M
2
b′
2
(
1− ln M
2
b′
M2
)
, (202d)
∆t
(ℓ)
b = −
√
2
16π2
Tr
[
mˆ3ℓ
(
1− ln mˆ
2
ℓ
M2
)(
Gb +G
†
b
)]
, (202e)
∆t
(χ)
b = −
√
2
16π2
Tr
[
mˆ3ν
(
1− ln mˆ
2
ν
M2
)(
Fb + F
†
b
)]
, (202f)
where the superscripts indicate the particles in the loop. In the W± and Z contributions
the respective ghost loops are contained.
6.2 Seesaw mechanism
Our computation of the fermion self-energies did not assume anything about the scales of
the neutrino masses. However, in the seesaw mechanism [1, 2, 3, 4, 5] one stipulates that
the MR is non-singular and the eigenvalues of M
†
RMR are of a scale m
2
R such that mR is
much larger than all entries in MD. With this assumption, there are nL light neutrinos
and nR heavy neutrinos with approximate mass matrices
Mlight = −MTDM−1R MD and Mheavy = MR. (203)
The matrix U , as occurring in equation (14), is approximated by
U ≃
(
1nL
(
M−1R MD
)†
−M−1R MD 1nR
)(
Slight 0nL×nR
0nR×nL Sheavy
)
(204)
with
STlightMlightSlight ≃ diag (m1, . . . , mnL) , (205a)
STheavyMheavySheavy ≃ diag (mnL+1, . . . , mnL+nR) . (205b)
As demonstrated in [8], the dominant radiative corrections to the seesaw mechanism
reside in the left upper corner of the (nL+nR)×(nL+nR) Majorana neutrino mass matrix
of equation (14): (
(ML)1-loop M
T
D
MD MR
)
. (206)
40
Since in the mHDSM gauge symmetry forbids Majorana mass terms of the νL, there is
a zero at tree level in the left upper corner of this mass matrix and no counterterms
are allowed for (ML)1-loop. Therefore, this radiative nL × nL mass matrix must be finite.
Moreover, the light neutrino mass matrix is modified to
Mlight = (ML)1-loop −MTDM−1R MD. (207)
Examination of the neutrino self-energy and using the seesaw approximation of U of
equation (204) leads to the conclusion that (ML)1-loop is determined by the contributions
of the neutral scalars and the Z boson to Σ
(B, proper)
νL of equation (195) [8]. As discussed in
section 5.1, these are indeed finite without any renormalization. Moreover, the dominant
corrections are induced by heavy neutrino exchange and, therefore, we can neglect light
neutrino masses in F0. In this way, we can define an effective neutrino mass matrix given
by
(ML)1-loop =
1
16π2
U∗L
[
2Fb mˆνF(M2b , mˆ2ν)Fb +
g2
c2w
UTLU
∗
L mˆνF(m2Z , mˆ2ν)U †LUL
]
U †L
=
1
16π2
[
1
2
∆Tk VkbU
∗
RmˆνF(M2b , mˆ2ν)U †R∆lVlb +
g2
c2w
U∗LmˆνF(m2Z , mˆ2ν)U †L
]
(208)
with
F(a, b) ≡ F0(a, b, 0) =
∫ 1
0
dx ln
[xa + (1− x)b]
M2 = − lnM
2 − 1 + a ln a− b ln b
a− b . (209)
Obviously, the function has the symmetry F(a, b) = F(b, a). Since (ML)1-loop must be
given in the same basis as the mass matrix of equation (14), we have performed the
corresponding basis transformation, given by U∗L to the left and U
†
L to the right in the
first line of equation (208).
To proceed further, we convert F in the two forms
F(a, b) = − lnM2 − 1 + ln a+ ln
a
b
a
b
− 1 = − lnM
2 − 1 + ln a +
b
a
ln b
a
b
a
− 1 . (210)
Next we define the diagonal matrices
rˆb ≡ mˆ
2
ν
M2b
and rˆZ ≡ mˆ
2
ν
m2Z
. (211)
Then we can write the neutral-scalar contribution to equation (208) as
1
2
∆Tk VkbU
∗
Rmˆν
[
− (lnM2 + 1)1 + ln mˆ2ν + ln rˆbrˆb − 1
]
U †R∆lVlb. (212)
Summing in this equation from b = 1 to b = 2nH , the second relation of equation (B.5)
tells us that only the last term in the square brackets contributes. Similarly, the Z
contribution can be formulated as
g2
c2w
U∗Lmˆν
[
− (lnM2 + 1− lnm2Z)1 + rˆZ ln rˆZrˆZ − 1
]
U †L. (213)
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In this case, because of equation (15a), again only the last term in the square brackets
contributes. Now we consider the Goldstone boson contribution to equation (212) sep-
arately. Since rˆ1 = rˆZ , it is suggestive to add it to the Z contribution. Indeed, using
equations (B.14) and (16), we obtain
U †R∆kVk1 =
i
v
U †R∆kvk =
i
√
2
v
U †RMD =
i
√
2
v
mˆνU
†
L. (214)
Plugging this into the part with b = 1 of equation (212), we find that the G0 contribution
differs from the Z contribution solely by the numerical factor −1/4. Eventually, we arrive
at the result [8]
(ML)1-loop =
1
32π2
2nH∑
b=2
∆Tk Vkb U
∗
R mˆν
ln rˆb
rˆb − 1U
†
R∆lVlb +
3g2
64π2m2W
U∗L mˆ
3
ν
ln rˆZ
rˆZ − 1U
†
L. (215)
For nH = 1 it agrees with the result in [7]. We observe that the Goldstone plus Z
contribution to (ML)1-loop is universal, i.e. independent of nH .
18 After employing once
more equation (16), we find that it is of the same order of magnitude as that of the
physical neutral scalars. Moreover, the light neutrino masses are completely negligible in
these one-loop corrections, which amounts to setting
U∗R = (0, Sheavy) . (216)
It has been pointed out in [6, 7, 8, 32] that numerically these corrections can be sizeable.
7 Conclusions
Extensions of the scalar sector play an important role in lepton mass and mixing models.
However, predictions of such models have mostly been computed at tree level and their
stability under radiative corrections has not been tested.
In this paper we have considered an important class of such models, the mHDSM,
which has an arbitrary number nH of Higgs doublets and an arbitrary number nR of
right-handed neutrino singlets with Majorana mass terms. Using the Rξ gauge for the
quantization of the mHDSM, we have proposed a simple renormalization scheme which
gives a straightforward recipe for the computation of radiative corrections. The idea is
that all counterterms are induced by the parameters of the unbroken theory, with the ex-
ception of the VEV renormalization δvk (k = 1, . . . , nH). Since all masses in the mHDSM
are obtained by spontaneous gauge-symmetry breaking, masses are derived quantities
and there is no mass renormalization in our scheme. The removal of the corresponding
divergencies is procured by the renormalization of VEVs and Yukawa couplings.
In addition to the infinite counterterm parameters δvk, there are the well-known finite
VEV shifts ∆vk induced by the finite parts of tadpole diagrams, which guarantee that
beyond tree level the VEVs of the physical neutral scalars are still vanishing.
18We thank A. Pilaftsis for drawing our attention to this fact.
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We have demonstrated, by determination of all counterterm parameters, that at the
one-loop level our renormalization scheme is capable of removing all divergences and we
have elucidated the prescription for computing the VEV shifts ∆vk. Moreover, we have
shown analytically for the one-loop fermion self-energies that including the VEV shifts is
equivalent to the insertion of all tadpole diagrams on the fermion line.
As an application of the renormalization scheme we have presented the full fermion
mass corrections at the one-loop level. In this context, we have identified all the mecha-
nisms and performed analytically the necessary computations to show that these correc-
tions are ξ-independent, in both the loop diagrams and the counterterms. In the case of
loop diagrams we have closely followed ref. [24]. We have also demonstrated that in the
seesaw limit the radiative corrections to the seesaw mechanism computed in ref. [8] derive
from our much more general framework.
We conclude with a speculation about the importance of tadpole contributions to
one-loop fermion masses. Tadpoles induce VEV shifts ∆vk via equation (100). The
potentially largest contribution comes from heavy neutrinos in the tadpole loop, i.e. from
∆t
(χ)
b , equation (202f), because this quantity roughly scales with the third power in the
seesaw scale mR. A very crude estimate suggests that a scale mR ≫ 103TeV induces
huge VEV shifts, much larger than the electroweak scale, while for mR . 10
3TeV the
induced VEV shifts are below 10GeV. Whether this apparent incompatibility of a generic
mHDSM (or the SM), i.e. without any suppression mechanism for ∆t
(χ)
b , with large seesaw
scales is physical or an artefact of our renormalization scheme remains to be investigated.
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A The scalar mass matrices
In this section we discuss the tree-level scalar masses. The scalar potential is given by
V (φ) = µ2ijφ
†
iφj + λijklφ
†
iφjφ
†
kφl (A.1)
with
µ2ij =
(
µ2ji
)∗
, λijkl = λklij = λ
∗
jilk. (A.2)
We allow for an arbitrary number nH of scalar doublets φk (k = 1, 2, . . . , nH) and use the
notation
φk =
(
ϕ+k
ϕ0k
)
, with
〈
0
∣∣ϕ0k∣∣ 0〉 = vk√
2
. (A.3)
We then write
ϕ0k =
1√
2
(vk + ρk + iσk) , hence 〈0 |ρk| 0〉 = 〈0 |σk| 0〉 = 0, ρ†k = ρk, σ†k = σk.
(A.4)
The quadratic terms in the scalar potential are written as
Vmass =
∑
i,j
ϕ−i
(M2+)ij ϕ+j + 12 [Aij ρiρj +Bij σiσj + 2Cij ρiσj] . (A.5)
The mass matrix of the charged scalars [11],
M2+ = µ2 + Λ , where Λij =
∑
k,l
λijkl v
∗
kvl , (A.6)
is complex and hermitian, with Λ being hermitian as well. The matrices A and B are real
and symmetric; C is real but otherwise arbitrary. All matrices defined so far are nH ×nH
matrices.
The mass matrix of the neutral real scalar fields ρi and σj may then be formulated as
the real 2nH × 2nH matrix
M20 =
(
A C
CT B
)
. (A.7)
Defining complex nH × nH matrices
Kik =
∑
j,l
λijkl vjvl and K
′
il =
∑
j,k
λijkl vjv
∗
k, (A.8)
where K is symmetric and K ′ is hermitian. The matrices A, B, C are obtained as [11]
A = Re
(
µ2 + Λ +K ′
)
+ ReK , (A.9a)
B = Re
(
µ2 + Λ +K ′
)− ReK , (A.9b)
C = −Im (µ2 + Λ+K ′)+ ImK , (A.9c)
respectively.
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B The diagonalization matrices of the charged and
neutral scalar mass terms
Let Mˆ2+ be the diagonal matrix of the squares of charged scalar masses. Furthermore, we
denote the unitary nH × nH matrix which diagonalizes M2+ by U . Thus we have
U †M2+U = Mˆ2+. (B.1)
Inverting this relation, we obtain
UMˆ2+U
† = µ2 + Λ. (B.2)
Let Mˆ20 be the diagonal matrix of the squares of the neutral scalar masses and V˜ the
orthogonal 2nH × 2nH matrix V˜ that diagonalizes the mass matrix of the neutral scalars,
i.e.
V˜ TM20V˜ = Mˆ20 . (B.3)
Without loss of generality we can write
V˜ =
(
ReV
ImV
)
, (B.4)
where V is a complex nH×2nH matrix. In terms of V , orthogonality of V˜ reads [8, 12, 28]
V ∗jbVkb = 2δjk, VjbVkb = 0, V
∗
jbVjb′ + V
∗
jb′Vjb = 2δbb′ . (B.5)
Notice that
V ∗jbVjb′ = δbb′ + iIm
(
V †V
)
bb′
(B.6)
is in general not diagonal, but it is easy to see that Im
(
V †V
)
bb′
is antisymmetric in the
indices b, b′ [28]. A further relation, useful in one-loop computations, is
Vkb′ Im
(
V †V
)
b′b
= −iVkb. (B.7)
The matrices U and V allow to write the Higgs doublets φk in terms of the mass
eigenfields S+a and S
0
b :
φk =
(
UkaS
+
a
1√
2
(vk + VkbS
0
b )
)
. (B.8)
There is no straightforward analogue to equation (B.2). But rewriting equation (B.3)
as
M20 = V˜ Mˆ20 V˜ T =
(
ReV Mˆ20 ReV
T ReV Mˆ20 ImV
T
ImV Mˆ20 ReV
T ImV Mˆ20 ImV
T
)
(B.9)
and using subsequently equation (A.7) leads to
V Mˆ20V
T = A− B + iC + iCT , (B.10a)
V Mˆ20V
† = A+B − iC + iCT . (B.10b)
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Eventually, application of equation (A.9) gives the useful results [28]
V Mˆ20V
T = 2K, (B.11a)
V Mˆ20V
† = 2
(
µ2 + Λ +K ′
)
. (B.11b)
We denote the masses of the charged and neutral scalars by M+a (a = 1, . . . , nH) and
Mb (b = 1, . . . , 2nH), respectively. Obviously, the a-th column of U is an eigenvector of
M2+ with eigenvalue M2+a. By definition, the b-th column of V˜ is an eigenvector of M20
with eigenvalue M2b , which in terms of the columns of V reads [11](
µ2 + Λ +K ′
)
ij
Vjb +KijV
∗
jb = M
2
b Vib. (B.12)
Taking into account equation (B.5), this equation can be cast into the very useful form
1
2
(
µ2ij + λ˜ijklv
∗
kvl
)
(V ∗ibVjb′ + V
∗
ib′Vjb) +
1
2
λijkl (v
∗
i v
∗
kVjbVlb′ + vjvlV
∗
ibV
∗
kb′) = δbb′M
2
b . (B.13)
The mass matricesM2+ andM20 also contain one eigenvalue zero each, referring to the
Goldstone bosons. Allocating the indices a = 1 and b = 1 to the charged and the neutral
Goldstone boson, respectively, the corresponding columns in U and V are given by [11]
Uk1 =
vk
v
and Vk1 = i
vk
v
, (B.14)
respectively.
C On-shell contributions to the fermion self-energies
Here we confine ourselves to one fermion field. Suppose a contribution σ(p) to the total
(renormalized) self-energy Σ(p) is given by
σ(p) = /p (aLγL + aRγR)− bLγL − bRγR. (C.1)
What is the condition that σ(p) vanishes on-shell? With this we mean that it has the
form
σ(p) = (cLγL + cRγR)
(
/p−m
)
+
(
/p−m
)
(dLγL + dRγR) . (C.2)
It is easy to prove that for m 6= 0 this is the case if and only if
1
m
(bL + bR) = aL + aR. (C.3)
Notice, however, that the coefficients cL,R and dL,R are not uniquely determined by aL,R
and bL,R, because the shift c
′
L,R = cL,R + s and d
′
L,R = dL,R − s with an arbitrary (real) s
does not change σ(p) of equation (C.2).
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D Conversion to scalar Feynman integrals
The loop functions F0 and F1 of section 6 can easily be converted into the well-known
Feynman integral representations B0 and B1 as defined in [33, 34] and numerically eval-
uated using freely available computer algebra software such as LoopTools [35]. The con-
version reads
F0(m21, m22, p2) = c∞ − B0(p2;m1, m2), (C.4a)
F1(m21, m22, p2) =
c∞
2
− [B0(p2;m1, m2) +B1(p2;m1, m2)] , (C.4b)
where B1(p
2;m1, m2) is related to the vector two-point integral B
µ(p;m1, m2) via
B1(p
2;m1, m2) =
1
p2
pµB
µ(p;m1, m2), p
2 6= 0. (C.5)
The loop-integrals referred to are
B0(p
2;m1, m2) =
16π2
i
M4−d
∫
ddk
(2π)d
1
[k2 −m21]
[
(p+ k)2 −m22
] , (C.6a)
Bµ(p;m1, m2) =
16π2
i
M4−d
∫
ddk
(2π)d
kµ
[k2 −m21]
[
(p+ k)2 −m22
] . (C.6b)
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